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A Simple lllustrative Setting

Smooth minimization problem:
mﬂi{{n f(z), V f is Lipschitz .
Tz€RN
» Gradient Descent: (7 > 0)
. 1
Tpt1 = xp—TV[f(T) <= xp41 = argmin (Vf(zg),z — mk>+§|\m—xk|\2 )

y

» Descent Lemma:

V fis L-Lipschitz :

— )=~ 20| S Gl |\

= Ll -l < f@) - fe) — (Vi),e -z < 5o - ol

A © 2019 — Peter Ochs CoCaln-BPG 2/ 22



Gradient Descent: Sufficient decrease

. 1
Zpr1 = argmin f(zy) +(Vf(zg),x — xp) + ;Hx — kaQ .

::fl/ﬂ'
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Gradient Descent: Sufficient decrease
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Gradient Descent: Sufficient decrease

. 1
Zpr1 = argmin f(zy) +(Vf(zg),x — xp) + ZHCE — mkHQ .

::fl/ﬂ'

o | Zht1 — 22

(5 — $)llwrsr — zxll?
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Proof of Convergence for Gradient Descent

Proof of Sufficient Decrease Condition:

Cpper
Flansn) "L Fa) + (9 Fon), orsr = 20) + S lonss — o)
< F@x) +{VF(@r), Ters — o) + o lomer — mel? — (o — 2 )loker — el
2T 2r 2

(r~-strongly convex)  <—zb||zpi1—zy 2

< st (L&
(Gl

- 2
5) |zrt1 — zkl>  ~ condition: 7 < =
=:a>0
Proof of Relative Error Condition:

IVF@rsoll < VSRl +IF@ri) = Vi@l < (7 + L) lows - 2l
— T

———
=k —zkll /7 —.5>0
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Abstract descent algorithms [Attouch et al. 2013]

Abstract descent algorithms: [Attouch et al. 2013]

min F(z), F:RY — (—o0,00] proper, Isc.
zE

Let a,b > 0 fixed. (z)ren is @ gradient-like sequence, if ....
(h1) (Sufficient decrease condition). For each k € N,
F(zk41) + allze41 — 2] < Fzx) 5
(h2) (Relative error condition). For each k£ € N,
10F (zk41)ll- < bllzks1 — 2ell 5
(h3) (Continuity condition). There exists K C N and Z such that

Z F F(z .
zr = Z and F(z;) — F(2) askk?Koo

A © 2019 — Peter Ochs CoCaln-BPG 6 /22



An abstract convergence theorem

Theorem: [Attouch et al. 2013]

If (Zk)keN is
» gradient-like sequence w.r.t. F' and

> [ has Kurdyka-tojasiewicz-property at z,

then
> (z)ken CONverges to Z

> Zis a critical point of F, i.e., 0 € 9F(2), and

> (zr)ren has afinite length, i.e.,

oo
> llzkgr — 2]l < 4o0.
=0

~» nearly any function in practice (excludes many pathological cases.) [tojasiewicz '63],
[Kurdyka "98], [Bolte, Daniilidis, Lewis, Shiota 2007], [Attouch, Bolte, Redont, Soubeyran 2010]
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Different Constants for Tight Upper and Lower Quadratic Bounds

Different Constants for Tight Upper and Lower Quadratic Bounds:

/ | Tt \

~Zlle =zl < 7(@) - f(@) — (VS () = ) < Sl = aul?
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Proof of Convergence for Gradient Descent

Proof of Sufficient Decrease Condition: (revisited)

quad.
upper I
bound
fleers) = flze) +(Vf(zk), Trar = 2a) + S llzee — g |?
< flow) + (Vo) )+ olloiss = onlP (o= = =) loxss — il
Tk), T = 4 —||Zg1 — (=== =
S J( Tk k) Tk+1 k o0 k+1 k o0 B k+1 k
(7~ *-strongly convex)  <— ot [lepq1—akl2
1 L ) " 2
< === — ~» condition: 7 < =
< f@e) = (= = ) o — ol <=
=:a>0

Proof of Relative Error Condition: L = max{L, L}

IV i)l < VIl +HIVF@re) = Vi@l < (= + L) o — ol
N—— T

2
=llzrt1—zll /T —=:b>0

A © 2019 — Peter Ochs CoCaln-BPG 9/ 22



Conclusion

Conclusion for Gradient Descent:
> need Lipschitz continuity of V f to prove convergence

> larger steps possible if L > L
» lower bound has no influence (on the step size), even if
L=0 ~» fconvex

> lower bound matters for convergence rate (dictated by the problem)

Goal: explore lower bound algorithmically

~ inertial algorithms
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Gradient Descent with Nesterov Extrapolation

Gradient Descent with Nesterov Extrapolation:
Yk = Tk + Ve (Tk — Tp—1)

. 1
Zkp =y — 7V () = argmin (V F(ye), 2 = gu) + 51z — el
T
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Nesterov’s Extrapolation: Sufficient decrease

. 1
Try1 = argmin f(yx) + (Vf(yx), ® — yr) + ;Hx —uell®, Yk = zetye(Tr—28-1)

::fl/ﬂ'
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Nesterov’s Extrapolation: Sufficient decrease

. 1
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Proof of Convergence for Nesterov’s Extrapolation

Gradient Descent with Nesterov Extrapolation:
Uk = Tk + Ye(Tk — Th—1)

. 1
Try1 = ye — TV f(yx) = argmin (Vf(yx), v — yx) + ZHﬂ? — yi|?

Proof of Sufficient Descrease Condition:

quad.
upper
bound

P S F ) + (7 F @) s = ) + 5 s — wil?

1 1 L
< F) + (V@) 2 = ) + - llowss = vl = (5= 5 ) I~
—————
UV (k) me—ye o o —vkll2— o5 |2k — Tk |12 >0
quad.
st L

1 2 1 2
< =4 _ I _
LF@n) + (5 + 52 lan = vl = 5-llzn — 2

A @© 2019 — Peter Ochs

CoCaln-BPG 13 / 22



Proof of Convergence for Nesterov’s Extrapolation

» From previous slide:

L 1 1
f@irn) < @) + (5 + 52 ) low = well® = 5= llow — w2

> Define Fr(agi1,2k) := f(xrr1) + %Hmkﬂ — x]|?, then this is equivalent to

L

1 1
(o) < o)+ (% + o = el = s — s
Fr (1, 7k) < Fr(Tk, Th-1) + 5 T3 lzr — yrll 2T||$1c1 |
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Proof of Convergence for Nesterov’s Extrapolation

» From previous slide:

L 1 1
f@rr) < @) + (5 + 5= )llow = wall® = o= llow — a2

> Define Fr(agi1,2k) := f(xrr1) + %kaﬂ — x]|?, then this is equivalent to

L

1 1
(o) < o)+ (% + o = el = s — s
Fr (1, 7k) < Fr(Tk, Th-1) + 5 3 lzr — yrll 2T||$lc 1 — |

. L 1 s 1 9 € 9
ndition: (= + — - — —||zp_1 — < ——|lzp — zp_
Conditio (2 + QT)ka Ykl 2Tllack 1— ]| < 2||9ck Tp—1]|
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Proof of Convergence for Nesterov’s Extrapolation

» From previous slide:

L 1 1
f@rr) < @) + (5 + 5= )llow = ell® = o= llow = el

> Define Fr(zpy1, k) := f(zp1) + %kaﬂ — x]|?, then this is equivalent to

L

1 1
Fotonen ) < Foom ) + (£ 4 ok~ ulF— Lloncs sl
(Tk+1, k) < Fr(Th, Th—1) + 5 3 lzr — yrll 2T||$k 1 — |

. L 1 s 1 9 € 9
ndition: (= + — - — —||zp_1 — < ——|lzp — zp_
Conditio (2 + QT)ka Ykl 2Tllack 1— ]| < 2||9ck Tp—1]|

~ Sufficient Decrease Condition:

F(zk41) < F(zi) — allzig1 — 2, Ze+1 = (Tht1, Tk)
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Proof of Convergence for Nesterov’s Extrapolation

L 1 1 e
Condition: (: —) — el = =z 1 — 2 _Z o 12
5 T o )k = ll” = o llen—r = 2ll® < =g llzk = zil|

Example: (¢ = 0)
> For yi = zx + Yk (xk — Ti—1), 164, |2k — yi||? = villzk — zr—1]|?, this is simply
,7_—1 7—_1 =] Z Z L = Z

L 1 1
<= = — =
Sup,Yk(Z 27 ) 2T SUP% L+ 71 L+1L

Il
N | —

[Wen, Chen, Pong 2017]

> For f convex, i.e., L = 0, we obtain convergence for sup,cyvx < 1.
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Proof of Convergence for Nesterov’s Extrapolation

Proof of Relative Error Condition: L = max{L, L}

IVEx(@sn, )l < 19 £ @rsoll + = o — o
< IVl + IV f (k1) = Vel + %Hifkﬂ — x|
= %Hmkﬂ — yll + Lllzptr — ywll + %ka+1 — x|

1 2
< (= + L) (lwmes =zl +llze = zimal) + = llzee — ol

< bllzrs1 — 2

~» Conclude convergence to a stationary point using [Attouch et al. 2013].
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln):
» Goal: Choose 74 and v, adaptively (and sequentially)

Yk = Tk + Ve (Te — Tp—1)

. 1
Tt = 9 = 76V F(3) = argmin (VS (o). @ = ye) + 5l = i

such that the following holds

F(ons1) < Fe) + (V@) 2is = ve) + s —
Flew) 2 F) + (7)o — i) = s — il
and

Lk 1 2 1 2 g 2
= = — —|lzg—1 — < —Z|lwk — @
(5= + 52) las — w2 = - lloes — el < — 1k — i |
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln):
» Goal: Choose 7, and v, adaptively (and sequentially)

Yk = Tk + Ve (Th — Tp—1)

. 1
T = 9 = 76V () = argmin (VF (o). @ = ye) + 51w = v

such that the following holds

L
f(@r1) < fyr) + (VF(Ye) Tos1 — yx) + 7k||$k+1 — ykll?
L
F@) 2 f o) + (Vi) an = o) = S lox - il
and (for simplicity, set 7, = L,-!)

zk*é“
o — yil)® < = Ty — Tp—1])?
< 2 ||
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln):
» Goal: Choose 7, and ~; adaptively (and sequentially)

Yk = Tk + Ye(Th — Th—1)

. 1
St =y = 7V () = avgmin (VF(ye)s o = ) + 5o — el
such that the following holds (choose 7., > L;_1)
L
f@r1) < Flyr) + (VW) Tesr — ye) + 7k||ﬂfk+1 — yll®

Fok) > ) + VT (), 25— 08 — - e — P

and (for simplicity, set 7, = L, ')

) inmfcr>.s zk —c
|2k — zp—1|® < T+ Lt lzx — zp—1l?

fk_l =&
L1+ Ly

!
2k — yell® <
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln):
» Find L and v such that

Yk = T + Ve (Te — Th—1)

satisfies

Flw) 2 Fo) + (95 ) n = ) = s — il
fk_l =€

e LB S

» Find fk > fk_l such that
. . Zk 2
Tpy1 = argmin (V f(yx),® — yx) + 7”35 — il
x
satisfies

Flonsn) < Fk) + (VI e), 2an = v8) + L llonsn — el

A © 2019 — Peter Ochs CoCaln-BPG 18 /22



Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln):
» Find L and v such that

Yk = i + Ve (Te — Tr—1)

satisfies

Flow) 2 Flo) + (V5 )~y — =z — g

Ly-1—¢ 2 Ly_1—¢
ka_yk |2 < ——”.Tk—ilik_l ) e.g.v = R S—
| Lik—1+ Lk ” Lg—1+ Lg

» Find L;, > L;_; such that

. Ly,
Tpy1 = argmin (Vf(yr),® — yx) + 7”95 — yil|?

satisfies

F@ira) < Fe) + (V£ = i) + 2 o — el
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln): min, g(z) + f(z)
convex
» Find L, and ~; such that o et

Ye = T + Ve (Th — Tr—1)

satisfies

Flak) 2 Flok) + V) 2 = ) — =l = il

fk_ =€
e [ET oy
k

2
loe—ul < g oz

» Find L, > L;_; such that
, L
T = argmin g(2)+ (Vf(r), x — i) + [l = vl
satisfies

f(xrrr) < flyw) + (VI (Ye), Thar — yr) + %”xkﬂ —yll®.
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Convex—Convace Inertial Backtracking (CoCaln): min, g(z) + f(z)

convex ih
. Nnon-smoo
» Find L and v such that simple

Ye = T + Ve (Th — Tr—1)

satisfies

Flak) 2 Flok) + V) 2 = ) — =l = il

fk_ =€
e [ET oy
k

2
loe—ul < g oz

» Find L, > L;_; such that
, L
Thr = argmin g(2) + (VF(ur), 2 = i) + -l — wel?
satisfies

f(xrrr) < flyw) + (VI (Ye), Thar — yr) + %”xkﬂ —yll®.
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Convex—Convace Inertial Backtracking (CoCaln)

Convex—Convace Inertial Backtracking (CoCaln): min, g(z) + f(z)

convex
non-smooth

» Find L and ~, such that simple
Yk = T + V(T — Th—1)
satisfies
f(@r) = fyk) + (VF(yr) 2k — y&) — LeDp(2k, yr)

Zk—l =€
Dp(zk,yr) < = Dp(wr—1,T1) -
( ) Ly 1+ Lg (o)

» Find L;, > L;_; such that

Tpq1 = argmin g(x) + (Vf(yk), = — yr) + LeDn(z, yr)

satisfies

F@r+1) < flyk) +(VF(Yr), Thr1 — y) + Zth(Ik:H, Yk) -
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Simple Function: adapt to “local convexity”

Function value

Lower bound values

©
IS

—— CoCaln with Euclidean distance
—— PGD with Backtracking
—— iPiano

3 6 9 12 15 18 21
Iterations
—— CoCaln with Euclidean distance
10 20 30 40 50

2 o Y o /u
T4 Tpg Yo
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Matrix Factorization

1
min —[|A = UZ|[} + APy (U) + AF; (2)

1800

1800

—— CoCaln with Euclidean distance 1780 | —— CoCaln with Euclidean distance
1780 —— GD with Backtracking —— GD with Backtracking
g —— iPiano g 1760 —— iPiano
1760
= T 1740
E W E
S 1740 S 1720
toy experiment 5 B 1700
c 1720 i=4
z T 1680
1700 1660
1680 1640 M
o 1000 2000 3000 4000 5000 500 1000 1500 2000 2500
Iterations Iterations
o) —— CoCaln with Euclidean distance ° —— CoCaln with Euclidean distance
E —— GD with Backtracking E 0 —— PGD with Backtracking
n —— iPiano n ——— iPiano
= =
Q1w K]
Medulloblastoma 3 3
dataset 2 2
[Brunet, Tamayo, 2 2
Golub, Mesirov 2004] % %
g o 5
o w107
o 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
Iterations Iterations
L2 regularization L1 regularization
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Conclusion

CoCaln Bregman Proximal Gradient Algorithm

» Gradient Descent only explores quadratic upper bounds.

» Inertial algorithms (Nesterov extrapolation) require a lower bound.
» Lower bound can “detect local convexity” to speed up.

» Presented an efficient convex—concave backtracking strategy.

» Same story in non-smooth (additive composite setting)

and suitable class of Bregman distances.
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