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Convex-Concave Backtracking for Inertial Bregman Proximal
Gradient Algorithms in Non-Convex Optimization
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Abstract

Backtracking line-search is an old yet powerful strategy for finding better step size to be used in
proximal gradient algorithms. The main principle is to locally find a simple convex upper bound of
the objective function, which in turn controls the step size that is used. In case of inertial proximal
gradient algorithms, the situation becomes much more difficult and usually leads to very restrictive
rules on the extrapolation parameter. In this paper, we show that the extrapolation parameter
can be controlled by locally finding also a simple concave lower bound of the objective function.
This gives rise to a double convex-concave backtracking procedure which allows for an adaptive
and optimal choice of both the step size and extrapolation parameters. We apply this procedure to
the class of inertial Bregman proximal gradient methods, and prove that any sequence generated
converges globally to critical points of the function at hand. Numerical experiments on a number
of challenging non-convex problems in image processing and machine learning were conducted and
show the power of combining inertial step and double backtracking strategy in achieving improved
performances.
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1 Introduction

In this work we are interested in tackling non-convex additive composite minimization problems, which
include the sum of two extended-valued functions: a non-smooth function denoted by f (possibly non-
convex) and a smooth function denoted by g (possibly non-convex). More precisely, we consider
problems of the following form

(P) inf{\Il(:n)Ef(x)—i—g(ac):xeé},

where C' is a nonempty, closed and convex set in R?. We will give a more precise statement in Section
(2] about the involved functions. There is a tremendous number of applications in Machine Learning,
Computer Vision, Statistics, and many more, that can be formulated in this framework.

Motivated by challenging applications as illustrated in Section [6] we consider here an instance of
problem (P), where the smooth function g has a gradient that is not necessarily globally Lipschitz
continuous. The restrictive assumption of having Lipschitz continuous gradient can be replaced with
a certain convexity condition, which was proposed and developed first in [5] for problems (P) with
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convex data, and recently extended to the non-convex setting in [I2]. More details on these recent
developments will be given below in Section

This convexity condition easily yields an approximation of the objective function at hand by
a convex function from above (majorant) and a concave function from below (minorant). In the
traditional setting, where the gradient of the smooth function g is Lipschitz continuous, the majorant
and the minorant are quadratic functions. In this case, it is well-known that the tightness of the
quadratic approximations is directly related to restrictions on the step size to be used in the algorithm.
The same relation is true for the convexity condition. In addition to their global existence, these
approximations can be locally improved by backtracking (line search) strategies and it is well-known
that tight approximations are advantageous, as we explain below in more details.

Interestingly, while the step size is usually restricted by the quality of the majorant, extrapolation
(also known as inertia or over-relaxation) parameter is also affected by the quality of the minorant.
This observation suggests to adapt the majorant and the minorant independently. In this paper
we propose an efficient backtracking strategy that locally determines a tight majorant and minorant
to exploit as much information as possible from the objective function, to be used in the proposed
algorithm. This leads to a highly efficient algorithm, which is able to detect “the degree of local
convexity” of the objective function (see Section [3| for details). As the backtracking procedure seeks
for tight convex majorants and concave minorants, our idea is to combine it with an inertial step. We
propose an inertial version of the Bregman Proximal Gradient (BPG) algorithm, which uses a convex-
concave backtracking procedure to dynamically adjust the step size and the extrapolation parameter.
Therefore, we call our algorithm Convez-Concave Inertial BPG (CoCaln BPG in short). We prove a
global convergence result of this algorithm (see Section for an overview of the results and Section
for the details) to critical points of the objective function. The efficiency, which we demonstrate
on several practical applications, comes from combining inertial step with the novel convez-concave
backtracking strategy, which fully exploits the power of tight local approximations in achieving large
step sizes and large extrapolation parameters that can be used at the same time.

Before concluding this section, we would like to give the reader a first intuition about the convex-
concave backtracking strategy on a simple instance of problem (P). The setting is developed below.

A simple illustrative example. In the following, we consider the following particular instance of
problem (P): C = R%, f = 0 and the gradient of g is L-Lipschitz continuous. Even in this simpler
setting, the convex-concave backtracking strategy is novel.

In this smooth and non-convex setting, an update step of a classical inertial based gradient method,
starting with some 2% € R%, reads as follows

o = aF (xk _ xkfl) ,
1
gF L = fvg (yk) ’
k

where v;, € [0,1], k € N, is an extrapolation parameter and L > 0 is a step size. If g is convex and
the extrapolation parameter 7y is carefully chosen, this recovers the popular Nesterov Accelerated
Gradient method [36] (for f # 0, again in the convex setting, see [7]). It is well-known that the
gradient step above, can be equivalently written as follows

L 2
2 = argming, pa {g (yk) + <Vg (yk) T — yk> + 7]{ Hx - ka } .

For sufficiently large Lj, the function to be minimized above is a convex quadratic majorant of the
function g (due to the classical Descent Lemma), which is a property that is also crucial for the
convergence analysis of the algorithm. Classically, L, > L, k € N, is a sufficient condition to guarantee
the existence of a quadratic majorant. However, locally, i.e., between the points y* and z**!, the



parameter Lj, may be significantly smaller than the global Lipschitz constant L (which will immediately
affect the step size of the algorithm). More precisely, note that the Descent Lemma,

9@ —g (o) = (Vo (s) .o - < Ee— |,  voers (1.1)
2

actually guarantees the existence of a quadratic minorant and a quadratic majorant that are deter-
mined by the same (global) parameter L. However, only the majorant limits the step size that is used
in the algorithm. As shown in Figure[l] tighter approximations can be computed if the parameters of
the minorant and the majorant are allowed to differ:

e co@-a(#) - (Vo () o)< F e

i.e., the minorant parameter L, could be different from the majorant parameter Ly.

Figure 1: The inequalities in ([1.2)) guarantee that the objective function has a quadratic concave
minorant and a quadratic convex majorant. The proposed convex-concave backtracking strategy
locally estimates both the lower and the upper approximations using a double backtracking procedure.

While the step size of the algorithm only depends on the majorant parameter Ly, the extrapolation
parameter v also depends on the minorant parameter L. When L, = L and L, = L, for all £k € N,
it was established in [54] that for any 0 < v, <7, when

L 1 _
5 <= - forL=1L
TS\ Ly ( Vol )

the generated sequence converges linearly (under certain error bound condition).

If the minorant parameter L; is close to 0, which means that the function g is “locally convex”,
the extrapolation parameter ~; can be taken close to 1, which makes it “similar” to an Accelerated
Gradient method in the non-convex setting.

Below, we will show that using the minorant and the majorant in a local fashion (instead of their

global counterparts) is very useful in developing the inertial Bregman Proximal Gradient method.

Notation. We use standard notation and concepts which, unless otherwise specified, can all be

found in [45].



2 The Bregman Framework

In this section we will first recall the definition of Bregman distance, which stands at the heart of
our developments. Based on that we will shortly review the recent concept of smooth adaptable
functions, which in some sense extends and generalizes the class of smooth functions with globally
Lipschitz continuous gradient. Then, we will provide the basic and essential ingredients to deal with
the Bregman Proximal Gradient method.

We begin with the notion of kernel generating distance functions, which was recently stated in [12]
(in this respect see also [4]).

Definition 2.1. (Kernel Generating Distance) Let C' be a nonempty, convex and open subset of R,
Associated with C, a function h : R? — (—o0, +-00] is called a kernel generating distance if it satisfies
the following:

(i) h is proper, lower semicontinuous and convex, with dom h C C' and dom 0h = C.
(ii) his C' on intdomh = C.
We denote the class of kernel generating distances by G(C').

Given h € G(C), the Bregman distance that is associated to h, is a proximity measure Dy, :
dom h x int dom h — R which is defined by

Dy (z,y) = h(x) = [h(y) +(Vh(y),z —y)].

This object is not a distance according to the classical definition (for example, it is not symmetric
in general). However, the Bregman distance between two points is nonnegative if and only if the
function h is convex. If h is known to be strictly convex, we have that Dy, (z,y) = 0 if and only
if £ = y. The classic example of a Bregman distance is the squared Euclidean distance, which is
generated by h(z) = H:):H2 For more examples, results and applications of Bregman distances, see
[18] 49, 25| 6, [50] and references therein.

An important property that is always crucial when dealing with Bregman distances is the well-
known three-points identity [21, Lemma 3.1]: for any y, z € intdom h and = € dom h,

Dy, (I‘,Z) — Dy, (‘rvy) — Dy, (y) Z) = <Vh (y) —Vh (Z) y L — y> . (21)
We conclude this part by restating our optimization model
(P) inf {¥=f(z)+g(z): z€C},

and making the first connection to the Bregman framework. One important feature of using Bregman
distances in optimization algorithms is the ability of relate the constraint set C to a certain kernel
generating distances function h € G(C). From now on, we make the following assumption.

Assumption A. (i) h € G(C) with C = domh.

(ii) f:R? — (—o0,+00] is a proper and lower semicontinuous function (possibly non-convex) with

dom fNC # 0.

(iii) g : R? — (—00,40oc] is a proper and lower semicontinuous function (possibly non-convex) with
dom h C dom g, which is continuously differentiable on C.

(iv) v(P):=inf{¥ (z): 2 € C} > —o0.



2.1 Smooth Adaptable Functions

One goal of this work is to deal with the non-convex optimization model (P) where the gradient of
the smooth function g is not globally Lipschitz. Recently, Bauschke, Bolte and Teboulle [5], observed
that the property of having Lipschitz continuous gradient can be interpreted equivalently as a certain
convexity condition on the function itself. This opens the gate for generalizing known results in the
convex setting. It was extended to the non-convex setting in [12] with the concept of smooth adaptable
functions given below.

Definition 2.2 (L-smooth Adaptable). A pair (g, h) is called L-smooth adaptable (L-smad) on C if
there exists L > 0 such that Lh — g and Lh + g are convex on C.

The convexity requirement of Lh 4+ ¢g can be written with respect to a different parameter ¢ < L,
which is key to the proposed double backtracking procedure to be developed in Section In this
section, for the sake of simplicity, we use £ = L for simplicity.

The optimization model (P) appears with a smooth term in the objective function which is very
common in many fields of applications. A crucial pillar in designing and analyzing algorithms for
tackling this model, is usually based on the fact that the smooth part in the objective function has a
Lipschitz continuous gradient. This property, via the well-known Descent Lemma, guarantees us that
a lower and an upper quadratic approximations exist. For L-smooth adaptable functions, we will use
the following extended version of the Descent Lemma (see [12, Lemma 2.1, p. 2134]).

Lemma 2.1 (Extended Descent Lemma). The pair of functions (g, h) is L-smooth adaptable on C if
and only if:
l9(x) —g(y) — (Vg (y),z —y)| < LDy (x,y), Vz,y € intdomh. (2.2)

Remark 2.1 (Invariance to Strong Convexity). We would like to note that the L-smooth adaptable
property is invariant when h is additionaly assumed to be o-strongly convex. Indeed, as described in
[12], since convexity of g is not needed, we can define w(x) := (01/2) ||z||*, and then for any 0 < o1 < o,
we have

Lh—g=L(h—w)—(9— Lw):=Lh—g,

namely, the new pair (g, B) satisfies the L-smad property on C.

2.2 The Bregman Proximal Gradient Algorithm

In this section we review the basic notations and results needed to study Bregman based optimization
methods. We first recall the definition of the Bregman proximal mapping [49], which associated with
a proper and lower semi-continuous function f : R? — (—o0, +oc], and defined by

prox? (x) € argmin {f (u) + Dy, (u, ) : u € Rd} , Yz €intdomh.
With h = (1/2)|-]|?, the above boils down to the classical set-valued Moreau prozimal mapping
introduced in [34]. We refer the reader to the recent survey paper [50], and references therein. Here,
we will focus on the Bregman proximal gradient mapping, which will take a central role in the algorithm

to be developed in the next section. Given x € int dom h and a step size 7 > 0, the Bregman proximal
gradient mapping is defined by

T, () € argmin {f (u) + (Vg () ,u—z)+ %Dh (u,z) : u e C’}
= argmin {f (u) + (Vg (z) ,u—2x)+ %Dh (u,x): ue€ Rd} , (2.3)

where the second equality follows from the fact that dom i c C. Note that here with h = (1/2) |-||?,
the above recovers the classical proximal gradient mapping. Since f could be non-convex, the mapping



T, is not, in general, single-valued. This mapping emerges from the usual approach, which consists of
linearizing the differentiable function g around a point z and regularizing it with a proximal distance
from that point. Similar to [12], the following assumption guarantees that the Bregman proximal
gradient mapping is well-defined.

Assumption B. (i) The function h 4 7f is supercoercive for all 7 > 0, that is,

B 7S @)

Jul| o0 ]

(ii) For all x € C, we have T (x) C C.

Assumption (1) is a standard coercivity condition, which is for instance automatically satisfied
when C' is compact. On the other hand, Assumption ii) can be shown to hold under a classical
constraint qualification condition. It also holds automatically when f is convex or when C' = R%. The
following result from [12], ensures that the Bregman proximal gradient mapping is well-defined.

Lemma 2.2 (Well-Posedness of T). Suppose that Assumptions[A| and[B| hold, and let x € int dom h.
Then, the set T (x) is a nonempty and compact subset of int dom h.

3 The Inertial Bregman Proximal Gradient Method

Our proposed algorithm belongs to the class of inertial based optimization methods. The most well-
known method in this class is the so-called Heavy-ball method, which was introduced by Polyak [44]
to minimize convex and smooth functions. A popular variant of the method, which applied to the
additive composite model (P) with C' = R?, takes the following form. Start with any 2° = 2! € R,
and generate iteratively a sequence {2*}ren via

y* =2+ (x’“ — x’“”) , (3.1)

2**1 € argmin,, {f (u) + <Vg (yk> U — yk> + % Hu - kaQ} , (3.2)
k

where v € [0, 1] is an extrapolation parameter and 7, > 0 is a step size. In [4I], an inertial proximal
gradient algorithm, called iPiano, was proposedﬂ It was shown that under Assumption if f is
convex and ¢ has a globally Lipschitz continuous gradient, the sequence {z*}cn converges globally to
a critical point (in this setting, under additional error-bound condition, a linear rate of convergence
was proved in [54]). The case where also the function f is not necessarily convex was treated in [13], 38].
Two years later, in [43] a block version of the method, called iPALM was proposed and analyzed in
the fully non-convex setting, i.e., both f and g are non-convex. In this case, a global convergence
result to critical points was also established. A unified analysis was presented in [40].

In this work we propose a Bregman variant of the method mentioned above (see steps and
(3-2])), which also handle the two involved parameter 74 and 7%, k¥ € N, in a dynamic fashion. To
this end we incorporate into our basic steps two routines aiming at controlling and updating these
parameters.

3.1 The Convex-Concave Backtracking Procedure

As we already illustrated on a simple example in the introduction, the origin of this procedure comes
from the fact that for smooth adaptable functions we can build lower and upper approximations as
given in Lemma 2.1

— LDy (z,y) < g(x) —g(y) —(Vg(y),x —y) < LDy (2,y), V a,y € intdomh. (3.3)

With a small modification that the proximity term is centered around the extrapolated point 4*, while the gradient
of g is evaluated at z*.



Even though the existence of the parameters L and L could be globally guaranteed, in practice it
is often difficult or computationally expensive to evaluate them. In such cases it is recommended to
apply a backtracking procedure that can locally verify the validity of the inequalities given in .
However, in most cases only the upper approximation and the corresponding parameter L are used.
Here, we will develop a double backtracking procedure that locally verifies both the lower and the
upper approximations, in order to to better control and update the extrapolation parameter y; and
the step size 75 at each iteration £ € N. To the best of our knowledge, this is the first attempt to use
the lower approximation in algorithms for tackling non-convex problems. It should be noted that in the
case that ¢ is convex we have by definition L = 0, or even a convex quadratic lower approximation can
be found when g is strongly convex (see [50] for a discussion and references about a strong convexity
property with respect to a Bregman distance). Based on the concepts described above, we will make
the following additional assumptions on the involved functions.

Assumption C. (i) The function h : RY — (—o0, +0o0] is o-strongly convex on R
(ii) The pair of functions (g, h) is L-smooth adaptable on C.
(iii) There exists a € R such that f (-) — (a/2) ||-||* is conve

Few comments on the assumption above are now in order. The first item is related to Remark
which says that the smooth adaptable property is invariant to strongly convex kernel generating
distance functions h. The third assumption allows us to deal with non-convex functions f since «
could be negative. See Section [6] for examples of functions that satisfy all these assumptions. Now
we are ready to present our algorithm, which is called Convex-Concave Inertial (CoCaln) Bregman
Proximal Gradient.

Convex-Concave Inertial BPG
Input. §,e >0 with 1 > § > e.
Initialization. z° = 2! € intdomh Ndom f, Ly > ﬁ and 19 < I:al.
General Step. For k= 1,2, ..., compute
y* = zF + (azk - xk&) € intdomh, (3.4)

where v is chosen such that

(6 =) Dy (271, 2%) = (1 + Lymy 1) Dy (o*,0) (3.5)
holds and such that L; satisfies

() 200+ (o) =) -mmr (). a0
Now, choose Ly, > Li_1, set 7, < min {7;,_1, L, '} and compute

2+ € argmin,, { £u)+ <vg (yk) u— yk> n leph (uyk>} (3.7)
with Ly, fulfilling

g <xk+l) <g (yk) 4 <Vg <yk> gkt yk> v LDy, (xk+1’yk) . (3.8)

2Such functions are called semi-convex with modulus o (see [38, 39]).



The two input parameters § and ¢ are free to be chosen by the user. As we will see later the
parameter € measures the descent to be achieved at each iteration of the algorithm. While § bounds
from below the parameter Ly, which affects the step size of the algorithm according to the relation
to 7, (more details about these aspects will be given below in Section @ The steps (3.4) and
are the classical steps of the inertial proximal gradient method, while here since we are dealing with
the Bregman variant, it must be guaranteed that the auxiliary vector y* as defined in belongs to
int dom h. Otherwise the Bregman proximal gradient step is not defined (see Section . Even
though, in general, it is not easy to guarantee that, in our case this will not be an issue. Indeed, in
order to derive global convergence results of Bregman based algorithms in the non-convex setting an
essential assumption seems to be that the kernel generating distance function A has a full domain,
i.e., domh = R? (see, for instance, [I2] for more details about this limitation). The steps and
(3.8) implement the double backtracking procedure (see Section . The step (3.5)) is designed to
control the extrapolation parameter v, £ € N, and should be validate at each iteration. However, a
natural question would be if such a parameter always exists? We postpone the positive answer to this
question, to Section [d] and conclude this section with a list of our theoretical contributions.

3.2 Summary of the Convergence Results

Before we proceed with the well-posedness of CoCaln BPG and the convergence analysis, we provide
here a brief summary of our results.

e We show the well-posedness of CoCaln BPG, in the sense that, one can always find 4 such
that is satisfied for all k£ € N (see Lemma . Moreover, we show that it suffices to know
the Bregman symmetric coefficient o (h) (Definition [4.1]), in order to estimate the extrapolation
parameter v, k € N.

e In the Euclidean setting, i.e., when h = (1/2) ||-||?, we provide an ezplicit formula for the mazimal

extrapolation parameter
R N ey
- Lip—1+ Ly’

which uses the majorant parameter L;_; from the previous iterate, which is a key for the efficient
implementation of the proposed convex-concave backtracking procedure. When Ly_; = L;, we
easily recover that 7 < 1/v/2.

e Stability and convergence of the objective function values of CoCaln BPG, which relies on find-
ing an appropriate sequence of Lyapunov functions {Cblg (xk , :L‘kfl) that enjoys a sufficient

o Fren
descent property (see Proposition .

e Global convergence of a sequence generated by the CoCaln BPG method to critical points of
the objective function ¥ (see Theorem |5.2). This result relies on the concept of Gradient-like
Descent Sequences (see Definition [5.1]), see [11].

4 Well-Posedness of CoCaln BPG

Now, we would like to verify the well-posedness of the CoCaln BPG algorithm. An important tool
in achieving our goal is the recently introduced symmetry coefficient of a Bregman distance, which
measures the lack of symmetry in Dy, (-, -), see [5].

Definition 4.1 (Symmetry Coefficient). Given h € G(C), its symmetry coefficient is defined by

D
a(h) ::inf{lm: z,y € intdomh, x #y} €[0,1].



An important and immediate consequence of this definition is the fact that for all x,y € int dom h
we have
a(h)Dh (:E,y) SDh (yax) <a(h’)_l Dh (xvy)a (41)

where we have adopted the convention that 0~ = +00 and 400 x r = 400 for all 7 > 0. Clearly, the
closer is « (h) to 1, the more symmetric Dy, is with perfect symmetry when « (h) = 1 (which holds if
and only if h = ||-]|?).

To this end, we need to convince the reader about the existence of v, k € N, which satisfies (3.5)),
i.e., that

(0 —¢) Dp, <$k71,$k> > (14 Lymr—1) Dp, <$k7yk> ;
holds true. The following result provides a positive answer.

Lemma 4.1 (General Extrapolation Behavior). Given h € G(C) with ac(h) > 0. Let x1,x2,y €
intdomh and y := x1 + v (x1 — x2) with v > 0. Then, there exist k > 0 and v* such that

Dy (21,y) < Dy (v2,71), Vv €[0,77]. (4.2)
Proof. From the three points identity (see (2.1])) we have
Dy (y,z2) = Dy (y, 1) + Dy (21, 22) + (Vh (21) — Vh (22) ,y — 21)

(
= Dy, (y,$1) + Dy, (xl,xg) +y <Vh (xl) —Vh ($2) , L1 — .732>
=Dy (y,xl) + Dy, (xl,l’g) +y (Dh (:Chxz) + Dy, (1:2, :Ul)) .

Now, from (4.1)), we obtain that
Dy (y,22) £ —== [Dn (21, 9) + (ya (h) + 1 +7) Dy, (2, 21)] -

On the other hand, since z1 = (y + vyz2) / (1 + ), we can use the fact that u — Dy, (u,v), for a fixed
v € int dom h, is a convex function and therefore

Dy (z1,y) < 1 _p, (z2,y) < 7

=114 mDh(%@)a

where the last inequality follows from (4.1). By combining the last two inequalities we derive that

y

Dy, (z1,y) < m

[Dn (z1,9) + (ya (h) + 1 +7) Dy (22, 71)],

and, by re-arranging we have

v (ya (h) +1+7)

PR = SR ) -

Dh (:L‘Q, 131) .

First, it is easy to verify that for v < a (h)?/ (1 -« (h)2>, the denominator is positive. In addition,
to find v such that
v(ya(h) +1+7)
a(h)? (1+7) =~

we will use simple algebraic manipulations. Indeed, by re-arranging we have

IN

R,

72(a(h)+1)+7(1+m—a(h)2n) —a(h)?r <0,
——

@ b

Since a (h)? < 1, it follows that b > 0. We also have that A = b2 + 4aa (h)*k > 0, and thus there
exists a positive root denoted by v*. Therefore, for any v € [0,~v*], the desired result follows. O



Remark 4.1. Note that in the above lemma, v* depends only on the symmetry coefficient a (h).
Therefore, for the Euclidean distance with a (h) = 1, this implies that,

«  —1+VI+8k
i —
However, for the Euclidean distance, the expression in (4.2)), can be simplified significantly. Indeed,

since we take h = (1/2) |||, then using the fact that y* —zF = (2% — 2%~1) we obtain that v, < /k.
In the case of CoCaln BPG, we have the following restriction on the maximal extrapolation parameter

that can be used
e < _0me < C=e)Lin :
1+ Ly7i—1 L1+ Ly

A related bound also appeared in [54] as we discussed in the introduction. When, the values of L,
and Lp_1 are almost equal and d — € &= 1, then it is possible to choose the inertial parameter - such
that v ~ 1/ V2. We discuss more about bounds of 44, k € N, in Section

5 Convergence Analysis of CoCaln BPG

Before, we proceed to the convergence analysis, we need the following technical lemma.

Lemma 5.1 (Function Descent Property). Let {2*}ren be a sequence generated by CoCaln BPG.
Then, for all k € N, we have

1 2 1
1\ (:ck> > <xk+1) + T—th (:Ck,ka) + % Hazkﬂ — azkH — <7_]g —I—Lk> Dy, (xk,yk) . (5.1)

Proof. Fix k > 1. From the convexity of f (-) — («/2) ||-|*, which holds thanks to Assumption (iii),
we obtain from the sub-gradient inequality [45, Example 8.8 and Proposition 8.12] that

f (xk> B % kaHQ > f (xk+1> B % kaHHQ n <§k+1 S R mk+1>’
where ¥l € 9 f (xk+1). By rearranging the inequality we obtain
k) > E+1 QH E+1 kH
F(at) 2 1 (@) + 5 et =
From the optimality condition of step (3.7)), we have that
1
&1+ 9g () + — (Vh (+"1) = vh (s)) =0,
Tk
which combined with (5.2)) yields that
f (xk> > f (xm) n % ‘xk—&-l _ ‘2 _ <Vg <yk> b xk+1>
1
+ — <Vh (yk> —Vh (aij) Lk — :L'k+1>
Tk
1) - (o) )

n 1 (Dh (xk7$k+l> + Dy (xk+17yk) D, (wk’yk)> 7

Tk

2 i <§k+1’xk _ $k+1> ‘ (5.2)

where the last equality follows from the three-points identity (see (2.1)). On the other hand, using
the lower approximation given in (3.6 and the upper approximation given in (3.8)), we have that

g (xk) > g (xk—&-l) I <Vg <yk) ’xk _ xk+1> — LDy, <xk,yk) — LDy (xk-&-l’yk:) '

10



Combining the last two inequalities and using the fact that 7, 1> L., implies that
K N T R L ko k+l 1 kok
W(x)Z\I/(x )—l—*Hx —x”—l——Dh(a:,x )— — 4+ L Dh<x,y>,
2 Tk Tk
which completes the proof. O

Since we are dealing with inertial based methods, which belongs to the class of non-descent meth-
ods, we can not expect to use classical convergence techniques for non-convex problems (see below for
more information about it). In order to overcome the lack of descent, we will use the Lyapunov tech-
nique, which involves the construction of a sequence of new functions, which will be used to “better”
measure the progress of the algorithm, where by progress we mean a decrement in the Lyapunov func-
tion values. In several cases a trivial Lyapunov function would be to use the function itself, however
in the case of non-descent methods, it is not a good choice, since it does not capture well the behavior
of the iterates. The behavior of two subsequent iterates must be taken into consideration along with
the function, as observed in [41] [48].

5.1 Lyapunov Function Descent Property of CoCaln BPG

Let {z*}1en be a sequence generated by CoCaln BPG. We define, at iterate k € N, the following
Lyapunov function

@lg (mk,xkfl) =T (‘Il (:z:k) — U(P)) + 6Dy, (a:kil,a:k> ) (5.3)

This Lyapunov function involves two terms: (i) the term 7,_1 (¥ (2*) — v(P)), which measures the
progress in original function values ¥ with respect to the global optimal value of problem (P) and (ii)
the term given by 0Dy, (xk_l, mk), which ensures that the iterates stay close enough, with respect to
the Bregman distance. Before, we motivate further the usage of this Lyapunov function, we show its
descent property.

Proposition 5.1. Let {z*}ren be a sequence generated by CoCaln BPG. Then, for all k € N, we
have

CIDE (:Uk,.%'k_1> > CI>]§+1 (ack+1,3:k> +eDy, (:Jck_l,:vk> . (5.4)
Proof. Multiplying (5.2)) with 7%, we obtain

2
() ) 2 o () ) o o)
— (1 —|—Lk7'k) Dy, <(L‘k,yk> .
By the definition of the Lyapunov function @’g and the fact that 7, < 7,1 we have
@lg (:ck,a:kA) > <I>’§+1 <xk+1,xk> + % Ha:kH - a:kH2 +(1-9) Dy, (mk,azkﬂ)
+ 6Dy, (a:kil, .CCk) — (14 Lym) Dy, (a:k, yk) .

With 1 — & > 0 and the strong convexity of i (), that follows from Assumption [Cfi), we obtain

2 2
Tl = ram oo (ohat) = (e a-a g ot -t 20

where the last inequality holds, since 7, '> L, and Ly > —a/ (1 — 6) 0. Next, we observe that

D, (gck?yk) < (IJF(SL_,;kl)Dh (xk—ljwk) < (1j—__[/:7'k)Dh <xkz—17$k> ’

A
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where the first inequality is due to the step (3.5]) of the algorithm and the second inequality is due to
fact that 7, < 7,_1. By rearranging we obtain,

6Dy (¢7,a%) = (1+ Lymi) Dy (a5, 4") = Dy (2471, 2%)
thus completing the proof. O

Proposition 5.2. Let {zF}ien be a sequence generated by CoCaln BPG. Then, the following asser-
tions hold:

(i) The sequence {CIJI(;H (xl“'l,a:k)} is monincreasing.
keN

(i) > pey Dn (xkfl,mk) < 00, and hence the sequence {Dh (wkil,xk) converges to zero.

}kGN
(iii) minj<p<p, Dy (zF71,2%) < @} (21, 2%) / (en).
Proof. (i) This follows trivially from Proposition since € > 0.

(ii) Let n be a positive integer. Summing (5.4) from k£ =1 to n we get

—_

Z Dy, (xkil,xk> < % (@}; (:cl,xo) — @?H (a:"“,a?”)) < gtﬁ}; (:1:1,3;0) , (5.5)
k=1

since <I>g+1 (:L’"H,x”) > 0. Taking the limit as n — 0o, we obtain the first desired assertion,
from which we immediately deduce that {Dh (a:k_l, ack) } ey converges to zero.

(iii) From (5.5) we also obtain,

n
1
. k—1 _k k—1 _k 1/(.1 .0
nmmD(x $><§D<Q? x><f<I>aca:
1<k<n h ’ = r h ) =z ) ( ) ) )

which after division by n yields the desired result. O

In order to proceed with the global convergence analysis of CoCaln BPG, we will need throughout
the rest of this section, to additionally assume the following.

Assumption D. (i) domh = R%,

(ii) Vh and Vg are Lipschitz continuous on any bounded subset of R?.

5.2 Global Convergence for CoCaln BPG

In this subsection we show the global convergence result of CoCaln BPG. The goal is to show that
the whole sequence {z*}ren, that is generated by CoCaln BPG, converges to a critical point. To this
end, we denote the set of critical points by

crit\If:{:ceRd: Oeallf(x)zaf(x)—i—Vg(a:)}.

Note that, such a set is well-defined due to Fermat’s rule [45, Theorem 10.1, p. 422] and due to the
concept of limiting subdifferential.

From now on we will make the following assumption regarding the sequence of majorant parameters
{Ek}keN: there exists an integer K € N such that Ly = L for all Kk > K (K can be as large as the
user wishes). It should be noted that thanks to Assumption [C[(ii) and Lemma there exists a
global majorant parameter L such that holds true for all £ € N. On the other hand, since in
anyway we require that the parameters do not decrease between two successive iterations, it makes
sense that at some point we will stop changing them and continue with a fixed value. However, it

12



is very important not using the global parameter L right from the beginning since in practice the
parameter L determined by (3.8)) might be much smaller (especially in early stages of the algorithm).

In the second phase of the algorithm, i.e., when k > K, it also makes sense to assume that 7, = 7
for all k > K where 7 < L~!. This immediately suggest that our Lyapunov function can also be
simplified. More precisely, we define the following new Lyapunov function:

Pk (mk xkil) k< K
o ( k k—1> _JEs ’ ’ 5.6
RN U (%) + 6Dy (a5, 2F), k> K, (56)

where §; = §/7.

The global convergence result is based on showing that CoCaln BPG generates a gradient-like
descent sequence according to Deﬁnition (see below). This involves three properties which need to
be verified: “sufficient descent condition”, “relative error condition” and “continuity condition”. Such
a convergence analysis is based on a recent technique, which was initiated by Attouch and Bolte [I],
and later on was simplified and unified in [II]. A more general framework was proposed in [40].

The main tool that stands behind this technique is the Kurdyka-Lojasiewicz (KL) property [31],[32]
(see [8] for the non-smooth case), which is properly defined in the appendix. This property has been
used in several recent works that deal with non-convex optimization problems (see [1I, 3, [IT] for early
foundational works). For more details and information on the KL property, we refer the reader to the
following papers [8, 11, 10} 2] 8] 11 [40] and references therein.

Verifying that a given function satisfies the KL property could be difficult, however in their seminal
work [8], Bolte, Daniilidis and Lewis prove that any proper, lower semicontinuous and semi-algebraic
function satisfies the KL property on its domain. This important result makes this proof technique
very powerful, since we are familiar with many semi-algebraic functions that appear very often in
applications. In fact, the same result holds for (possibly non-smooth) functions that are definable in
an o-minimal structure [8, 9]. For examples and more details about the relations between KL and
other important notions, see [§, [10] and references therein.

In order to derive the global convergence of our algorithm we follow this proof technique that we
shortly recall now. For the interested readers we refer to [12, Appendix 6, p. 2147], where a short and
self-contained summary of this proof methodology can be found. It should be noted again that here
we consider a modification, which fits non-descent methods like CoCaln BPG.

Definition 5.1 (Gradient-like Descent Sequence). A sequence {2}y is called a gradient-like descent
sequence for minimizing Ws, if the following three conditions hold:

(C1) Sufficient decrease condition. There exists a positive scalar p; such that
2
p1 Hﬂfk — xkilu < Us, (xk,xkfl) — WUy, (karl,a:k) , VEkeN.

(C2) Relative error condition. There exist an integer K € N and a positive scalar py such that

() om (). v

then lim supgcpen ¥ (xk) <

(C3) Continuity condition. Let T be a limit point of a subsequence {x

U (T).

“Hrer:

Based on Definition and the KL property, the following global convergence result holds true.
We provide its proof in the appendix.
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Theorem 5.1 (Global Convergence). Let {x*}ien be a bounded gradient-like descent sequence for
minimizing Vs, . If U satisfy the KL property, then the sequence {xk}keN has finite length, i.e.,
ppay Ha:kH — :ckH < 0o and it converges to x* € crit W.

Now, in a sequence of lemmas, we prove that CoCaln BPG generates a gradient-like descent
sequence for minimizing Ws,. In order to prove condition (C1), we first note that Proposition is
also valid for the new Lyapunov function Ws, as recorded now (for the sake of simplicity we omit the
exact details of the proof, which is almost identical to the proof above).

Proposition 5.3. Let {z*}1cn be a sequence generated by CoCaln BPG. Then, the following asser-
tions hold:

(i) The sequence {W¥s, (zF+1, 2F)
[5.1] holds true.

}keN is nonincreasing, converging and condition (C1) of Definition

(i) 72, Dp (xk_l,xk) < 00, and hence the sequence {Dh (:Uk_l,xk) converges to zero.

}kGN

(iii) minj<p<p, Dy (zF71,2%) < (U4, (21, 2°) — W,) / (en) where ¥, = v(P) > —oo (by Assumption

[Al(iv)).
Now we can prove the following result, which means that condition (C2) holds true.

Proposition 5.4. Let {2*};en be a bounded sequence generated by CoCaln BPG. Then, there exist
whtl e o¥s, (xk+1,a:k) and a positive scalar py such that

o] < oa (et = et =) vz
Proof. Fix k > K. By the definition of the Lyapunov function s, (-,-) we obtain that
oV¥s, <mk+1,xk> = (8\11 (ack'H) + 01 V?h <xk+1) (ack“ - ack) ,01 (Vh (ack) — Vh (a:kH) )) .

Writing the optimality condition of the optimization problem which defines 2**1 (see (3.7) and recall
that for £ > K, we have that 7, = 7) yields that

0cdf (:Ek+1> + Vg (yk> v % (Vh (mk+1) —Vh (yk)) .
Therefore
“o(e#9) <)+ (1 (0) - () <o ().
and by defining
W = vg (xk+1> vy (yk) n % (Vh <yk> _vh <$k+1>> 4§, V2h (wk—i-l) (xk—&-l _ xk) ’

and wi ™! = 61 (Vh (2F) — Vh (25+1)) we obviously obtain that w**! € 0Ws, (2571, 2F) where wh+! =

(w]fﬂ,wlgﬂ). Since {#*}ren is a bounded sequence and both VA and Vg are Lipschitz continuous

on bounded subsets of R? (see Assumption @(ii)), there exists M > 0 such that
1
Jot ] < 9 (=) = 9 ()] 2 9n () = wm (22 oo () -2 - 4]

1
<M <1 n > ka+1 B ka LS ka+1 Lk
=

)
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where the last inequality follows also from the fact that HVQh (:ck“) H < M, since Vh is Lipschitz
continuous on bounded subsets of R%. Using step (3.4) we obtain that

1
ot < ar (1) (ot o =t ) o oot 2

I

1 1
<or (1rae 1) o= (142 [t ot
T T

where we have used the fact that v, < 1, k € N. Since, we also have that
Jus] = o []o () - wn (a*1) | < s o = o*

9

the desired result is proved and condition (C2) also holds true. O

Now we are left with showing that CoCaln BPG generates a sequence that satisfies condition (C3).

Proposition 5.5. Let {z*}ren be a bounded sequence generated by CoCaln BPG. Let x* be a limit
point of a subsequence {xk}kelc, then lim sup,ciecny ¥ (xk) < U (x*).

Proof. Consider a subsequence {z"*}, _ which converges to z* (there exists such a subsequence since
the sequence {z*} ey is assumed to be bounded). Using Proposition (ii) and the strong convexity
of h (-), we obtain that limg_, .o ka — xk_lH = 0. Therefore, the sequence {a:"’“_l}keN also converges
to 2*. From the definition of y*, see , it also follows that {y”kil} ey also converges to z*. In
addition, since h is continuously differentiable on R% we have that limy_,o, Dj, (:L‘*, y"k_l) = 0. Now,
from , it follows (after some simplifications), for all k¥ > K, that

() 210 oA ) ) - )

Substituting k£ by nj and letting k — oo, we obtain from the fact that g is continuously differentiable
on R4, that
limsup f (") < f (2).

k—o0
Using this, and recalling that here g is continuous, we obtain that limsupyci-y ¥ () < U (z¥),
where K = {n : k> K}. O

The global convergence of CoCaln BPG now easily follows from our general result on gradient-like
descent sequences (see Theorem [5.1))

Theorem 5.2 (Global Convergence of CoCaln BPG). Let {2*}1en be a bounded sequence generated
by CoCaln BPG. If f and g satisfy the KL property, then the sequence {x*}ren has finite length, i.e.,
Sooey ||#* Tt — 2| < oo and it converges to a* € crit W,

Before, we conclude this section, we provide a simplified variant of CoCaln BPG.

5.3 CoCaln BPG Without Backtracking

Note that CoCaln BPG uses a local estimate of the minorant and majorant parameters L, and Ly,
k € N, determined by the backtracking steps and , respectively. However, when the global
parameter L is known (guaranteed in Assumption (ii)), we can skip the backtracking steps, and
provide a simplified variant of CoCaln BPG.

For the inertial step (5.9), when h = (1/2) |||[* we can obtain that

0—c¢
2 )
with L = L. Using Remark if § — e & 1, one could choose the extrapolation parameter as follows

Y ~ 1/v/2. However, in general, the closed form expression for v, is difficult to obtain, for which
backtracking line-search strategy can be used.

Ve <
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CoCaln BPG Without Backtracking

Input. 56>Owith1>5>€

Initialization. 2° = 2! € intdom h Ndom f, L > max{(1 5o ,L} and 79 < L~1.
General Step. For k£ =1,2,..., compute

Yk =2k + (:B — zk- 1) € int dom h, (5.7)

#**1 € argmin,, {f (u) + <Vg (yk> JU— yk> + leDh (u,yk)} , (5.8)

where 73, < min{7,_1, L™'} and 7 > 0 satisfies

(0 —¢€) Dy, (xk_l,a:k) > 2Dy, (:Uk, yk) : (5.9)

5.4 Implementing the Double Backtracking Procedure

The update steps of CoCaln BPG based on the double backtracking strategy (see steps and
(3.8)). Here, we describe some implementation details of these two steps. Note that the inner loops
for finding the minorant and the majorant parameters L, and Lg, k € N, are implemented in a
sequential fashion. By this, we mean that at iteration k € N we first execute the steps , and
in order to compute an appropriate y*, only then we proceed to steps (3.7)) and in order to
compute zF 1. Note that the fact that the sequence {Lk} kEN does not decrease is crumal in order to
decouple the steps (3.4]) and (3.7] . More precisely, we now describe the backtracking procedure to find
L. Let v > 1bea scahng parameter and arbltrarlly initialize Ly, > 0. Then, we find the smallest
L, € {g kao,g kao,g Lo, -- } that satisfies ( and such that ~y; > 0 satisfies

0—¢
Du () < ==y D (o).
h y T Lyt +1 AT v

We can now describe the procedure to find Lj. Let 7 > 1 and initialize Ek’,O := Lj_1, then we take the
smallest L € {POLk70,PlLk7O,PQLk7O, .. } that satisfies (3.8]). Therefore, {Lk}keN is monotonically
non-decreasing. Note, however, we do not require any monotonicity of the sequence {Lj };cn-

The double backtracking strategy preserves the sign of L, however, only —L, < Ly is required.
Changing the sign of L, when the function is locally strongly convex might lead to additional accel-
eration. However, we leave this kind of adaptation for future work.

6 Numerical Experiments

Our goal in this section is to illustrate the performance of CoCaln BPG in various situations. We start
with a minimization of univariate functions, which emphasizes the power of incorporating inertial terms
into the BPG algorithm and using the double backtracking procedure. Then we provide some insights
on the following practical applications: Quadratic Inverse Problems in Phase Retrieval, Structured
Matrix Factorization, Non-convex Robust Denoising with Non-convex Total Variation Regularization,
and Non-convex Quadratic Problems with Cubic Regularization.

6.1 Finding Global Minima of Univariate Functions

We begin with two examples of minimizing univariate non-convex functions, which shed some light
on the two main features of our algorithm: (i) inertial term, and (ii) double backtracking procedure.
We consider unconstrained minimization of functions ¢ : R — R, which have Lipschitz continuous
gradient, i.e., model (P) with d = 1, f = 0 and C = R. The two functions are: g (x) = log (1 + x2)
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and g (z) = (1 + ). We compare three methods: CoCaln BPG with h = (1/2)|-||* and refer to it
as the CoCaln with Euclidean distance, the classical Gradient Descent (GD) method with backtracking
(which is actually CoCaln with Euclidean distance and with v, = 0 for all £ € N). We also use z’Pianoﬂ
of [41] (with the inertial parameter set to 0.7). When using a backtracking procedure in the GD and
iPiano methods, we mean that only the majorant parameter is used. We use the same initialization
for all the algorithms and report the performance in Figure

1072
— CoCaln with Euclidean distance —— CoCaln with Euclidean distance
4 — GD with Backtracking - 1073 —— GD with Backtracking
—— iPiano o —— iPiano
|9}
0 \
3; g 107
© =
g =
s S0
& :
i S 107 \\
9]
1 c
>
& 1077
0 1078
0 10 20 30 40 50 0 200 400 600 800 1000
Iterations Iterations
— 2 _ 1
(a) g () =log (1 + 2?) (b) g(2) = 7=

Figure 2: Better performance by CoCaln. In the left-hand side plot, the function has a unique
critical point. The CoCaln BPG finds it faster than the other two methods. In the right-hand side
plot, the function has a very small gradient and CoCaln BPG reaches a significantly lower function
value than the two other methods. These plots hint that CoCaln BPG can significantly accelerate the
convergence speed with comparison to GD and iPiano which use only simple backtracking procedure.

We provide now another example of minimizing a univariate function that is non-smooth and
non-convex, with the purpose of illustrating an important feature of the CoCaln BPG algorithm:
sensitivity to local minima and critical points. In this experiment, we consider the non-smooth and
non-convex function ¥ (z) = |z| + sin (z) + cos (z), with many critical points as shown in the center
plot of Figure[3] We take here f (z) = |z| and g (z) = sin (z)+cos (z) (which is obviously a non-convex
function with Lipschitz continuous gradient). Here again we take h = (1/2)]-||>. In order to apply
CoCaln BPG, the main computational step is of the following form:

1 2
2! € argmin, {]w\ + <x — o, cos (yk) — sin <yk>> +o— (CC - yk> } , (6.1)
Tk

which results in the following update step

2" = max {O,

y* — 7,V (yk)( — Tk} sgn ((yk — 1,Vg (y'“)) : (6.2)

We compare CoCaln BPG with Euclidean distance to the classical Proximal Gradient (PG) method
with backtracking (CoCaln BPG with Euclidean distance and v, = 0, k € N), and also to iPiano as
before. As mentioned in the first experiment, when using a backtracking procedure in the PG and
iPiano methods we mean that only the majorant parameter is used.

As shown in Figure [3] CoCaln BPG achieves the global minimum, whereas the Proximal Gradient
method with backtracking gets stuck in a local minimum. We performed the same experiment starting
at 100 equidistant points sampled from the interval [—15,15]. The average final function value for
CoCaln was 2.75, whereas for the Proximal Gradient method with backtracking it was 3.21 and for

3In this particular case, the method coincides with the Heavy-ball method [44].
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Figure 3: CoCaln can find the global minimum. The left-hand side plot explicitly shows the
behaviour in terms of function values versus the iterations counter. In the center plot, we use zpg as a
short hand notation for the critical point achieved by the Proximal Gradient method with backtracking,
and for CoCaln BPG method we use x¢, ,1,- The iPiano method achieves the same critical point as
the CoCaln BPG method but slower. In the right-hand side plot, we plot L; (the minorant parameter)
obtained by CoCaln BPG method versus the iterations counter. The hilly structures represent that
CoCaln BPG can bypass local maxima and eventually converge to zero. Meaning that CoCaln BPG
adapts to the “local convexity” of the function.

the iPiano it was 3.37. This means that CoCaln BPG reaches the global minimum from 52 points,
whereas the Proximal Gradient method with backtracking achieves the global minimum only from
27 points and the iPiano from 39 points. Hence, the behavior illustrated in Figure [3| is not due to
the choice of initialization, but rather due to additional features of the CoCaln BPG algorithm in
comparison to the two other algorithms. This illustrates the great power of using double backtracking
procedure in minimizing univariate non-convex functions.

6.2 Escaping Spurious Stationary Points

Here, we provide an evidence that CoCaln BPG can escape spurious stationary points in minimizing
non-convex functions of two variables. Let b; € R, ¢ = 1,2,...,m, be samples of a noisy signal
with additive Gaussian noise. A very common task in signal processing is to recover the true data.
However, due to the noise, data can be prone to several outliers. In such cases, a robust loss [26]
is used. Moreover, prior information about the data, can be embedded through a regularizing term
(for instance, a sparsity promoting regularizer). Given A,p > 0, we consider a minimization of the
following form

U(z) =AY log <1+p(xi—bi)2> +3 log (14 |ai]), (6.3)
i=1 =1
with . .
f(z):= Zlog (1+|z]) and g(z):= )\Zlog (1 +p(x; — bi)Q) :
i=1 =1

Our goal is to recover the true data . The function f is a non-convex sparsity promoting regularizer
(also known as the log-sum penalty term [16], 37]) and the function g is a robust loss. For illustration
purposes, we consider a simple instance of problem where m = 2, A = 0.5 and p = 100. For
minimizing this function we set C' = R? and h (z) := (1/2) (27 + 23) to be used in the CoCaln BPG
method.

Before presenting the numerical results, we would like to note that in this example, the function
f(z) — (a/2) h(x) is convex for any v < —1 and Lh — g is convex for all L > 100. Each iteration
of CoCaln BPG would require to compute the Bregman proximal gradient mapping, which in this
case reduces to the classical proximal gradient mapping (due to the choice of h). Note that due
to the separability of the functions f and g, the needed minimization problem can be split into
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two individual minimizations with respect to z; and xs. These two optimization problems (after
simple manipulations) reduces to the computation of the proximal mapping of the univariate function
log (1 + |z]). A closed form formula can be found in [27] and reads as follows:

sgn (y) argminge; {log (1+ o) + 3 (2 = [y)*}if Iyl = 1)* = 4(7 = [y) 2 0,

PTOX 1 jog(14]a) (¥) =
log(1-+lel) {0, otherwise,

where

=14+ sl -2 =4 =D ] [lol= 1= \/(yl - 1> = 4(r = Iy)
? + ? +

E=10,

with [z], := max {0, z}.

Now we can apply CoCaln BPG method and the function behavior is described in Figure

2.0

15

1.0

0.5

0.0
-1.0

-15 Z%
—2.0+ T + + T T T T

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

(a) Function contour (b) Function surface

Figure 4: Function with spurious stationary points. The left-hand side plot shows the contours
of the objective function, and the four critical points (denoted with blue diamond). In the right-hand
side plot, we show the objective function, where the z-axis represents the function value. Here, the
critical points appear as downward kink.

The performance of CoCaln BPG is illustrated in Figure 5] which shows that CoCaln BPG can
indeed escape spurious critical points to reach the global minimum.

(a) From (2,2) (b) From (—2,2) (c) From (2,-2) (d) From (—2,-2)

Figure 5: CoCaln can find the global minimum. The CoCaln BPG algorithm finds the global
minimum at (1,1), from various initialization points.
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6.3 Quadratic Inverse Problems in Phase retrieval

Phase retrieval has been an active research topic for several years [15, 62 24] [33]. It gained lot of
attention from the optimization community, due to resulting hard non-convex problems [12] 24} [19].
The phase retrieval problem can be described as follows. Given sampling vectors a; € R%, i =
1,2,...,m, and the measurements b; > 0, we seek to find a vector z € R? such that the following
system of quadratic equations is satisfied,

Hag, )> ~ b2, Vi=1,2,...,m. (6.4)

One typical way to tackle this system of quadratic equations is by solving an optimization problem that
seeks to minimize a certain error/noise measure in accomodating the equations. This usually leads
to non-convex objectives (see [19]). The objective function also depends on the type of noise in the
system (for instance, an objective function that is used for Gaussian noise can not be appropriate also
for Poisson noise). We consider here, the additive Gaussian noise, and the related popular non-convex
squared error measure, which is given by

W) = £+ 7Y (e~ 12) (63

with

g9(z) = ii <<%$>2 - b?>2~

i=1
The function f acts as a regularizing term and is used to incorporate certain prior information on
the wished solution. We conduct experiments with two options of regularizing functions: (i) squared
ly-norm, that is, f () = (A/2) ||z||* and (i) £,-norm, that is, f (z) = A||z||,. When applying here the
CoCalN BPG method we use the following kernel generating distance function

1 1
h(@) = 5 lall3 + 5 ol (6.6)

We obviously have that dom h = R? and we record below a result [I2, Lemma 5.1, p. 2143], which
shows that the pair (g, h) satisfies the L-smad property (see Definition .

Lemma 6.1. Let g and h be as defined above. Then, for any L satisfying
. 2
L2 (8 aal ||*+ [lasal || 57])
i=1

the function Lh — g is convex on RY.

Therefore, in this case, all the Assumptions [A] [B] [C] and [D] are valid. We now discuss the update
step of CoCaln BPG, which requires the solution of the following subproblem

2 e argmin,, {f (x) + <Vg (yk) T — yk> + jth (:L',yk>} ) (6.7)

Following [12], we provide closed form formulas for these optimization problems when f is either the
squared fo-norm or the ¢;-norm.

¢1-norm. Here we use the following closed form solution, derived in [I2, Proposition 5.1, p. 2145].
First, we define the soft-thresholding operator with respect to the parameter 6 > 0, as follows

. 1
S0 () = angmin g { el + 5 o = ol = mo ly] = .0} s (o) (6.9
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where all operations are applied coordinate-wise. Then the closed form solution of problem (6.7) is

given by
P =18y, (VA (1) = Vg (1)) -

where t* is the unique positive real root of the following cubic equation
2
[ $sm (91 () =nv0 () ), £ =1 0.

Squared />-norm. Using similar arguments as of [12, Proposition 5.1, p. 2145], we can easily derive
that the solution of problem (6.7 is given by

41 = (g (o)~ v (41)).

where t* is the unique real root of the following cubic equation

3 HTng <y"’) —Vh (yk> H2 + A+ 1)t +1=0.

We illustrate, in Figure @ the performance of CoCaln BPG compared with two other algorithms: (i)
the Bregman Proximal Gradient Method with backtracking (denoted by BPG-WB) using the same
kernel generating distance function (which is exactly CoCaln BPG with v, = 0 for all £ € N) and (ii)
the Inexact Bregman Proximal Minimization Line Search Algorithm (denoted by IBPM-LS) of [42].
We also compare with the Bregman Proximal Gradient (BPG) method of [12] without backtracking
and with the parameter L as derived in Lemma [6.1

—— CoCaln BPG
— BPG-WB 101

—— CoCaln BPG
—— BPG-WB
—— BPG
—— IBPM-LS

~—— CoCaln BPG
—— BPG-WB
—— BPG
—— IBPM-LS

—— CoCaln BPG
—— BPG-WB
—— BPG
—— IBPM-LS

~—— BPG
—— IBPM-LS

Function value (log scale)
Function value (log scale)
Function value (log scale)
Function value (log scale)

10° 10° 102

10 102 107 10! 10? 107
Iterations (log scale) Time (log scale) Iterations (log scale) Time (log scale)

(a) ¢1-norm (b) £1-norm (¢) Squared fo-norm (d) Squared fo-norm

Figure 6: CoCaln BPG for Phase Retrieval. All plots illustrate that CoCaln BPG and BPG
with Backtracking performances are much better. The difference is very significant when compared
with BPG (without backtracking). This is due to the large L used in the algorithm, thus resulting
in smaller steps. On the other hand, CoCaln BPG uses the local parameters L, and Ly, thus enjoys
larger steps. The function values versus the time plots reveal that CoCaln BPG rapidly attains a
lower function value in a very early stage.

6.4 Non-convex Robust Denoising with Non-convex TV Regularization

We consider the problem of denoising a 1D signal, where the d measurements are provided via a
vector b € R% The goal is to obtain the true signal, denoted by = € R?. However, in real world
applications, it is possible that the measurements are noisy with outliers. The standard routine to
deal with outliers is to use a loss function, which is robust to outliers. Some examples include, /;-norm
loss and Huber loss [26]. The basic idea is to heavily penalize small errors and reasonably penalize
large errors. This is done to ensure that the predicted data x, is not influenced significantly by outliers.
The above mentioned loss functions are convex, however it is rarely the case that non-convex losses
are used. We consider a fully non-convex formulation of the problem, which includes a non-convex loss
function along with a non-convex regularization. We illustrate two ways in which one could make use
of the CoCaln BPG algorithm, such that the required assumptions hold true and the involved steps
of algorithms are easy to compute.
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Non-smooth data fitting term. Let

d d—1
fz):=> log(1+]|z; —b]) and g(z)=A> log (1 +p (i1 — xi)2) :
i=1 i=1

where A, p > 0. It is easy to see that both, the loss function f and the regularizing function g are
non-convex. Observe that here f is also non-smooth while g is smooth. Here, the function g is the
non-convex variant of the popular Total Variation (TV) regularizer, which is used to prefer smooth
signals while preserving sharp changes in the signal (such as edges of images). For an overview on
non-convex regularizations we refer the reader to [37, [55]. We verify now that the functions f and g
satisfy our assumptions with respect to h (z) = (1/2) |||/

Lemma 6.2. The pair (g,h) satisfies the L-smad property with L > 8\p and f (z) — (a/2) ||z||* is
convex for all o < —1.

Proof. First, it is easy to prove the convexity of f (x) — (a/2)||z||?, by checking that its right-hand
side derivative is monotonically increasing [28, Theorem 6.4], for all @ < —1. Secondly, the convexity
of the function Lh — g, can be proven by showing the existence of L; > 0, for all 4, such that

L;
— (1:12 + x?ﬂ) — Alog (1 +p(xiq1 — xl)2) , (6.9)

2
is convex. The maximum eigenvalue of the hessian of the function Alog (1 +p (241 — xi)2>, is

bounded from above by 4Ap. Therefore, for any L; > 8Ap, the convexity of the function defined
in is proven. This proves the desired result. O

Due to separability of the function f, we can split the computation of the corresponding Bregman
Proximal Gradient mapping, into the following separable subproblems

2 (yk , —yF 1 2
ARl argmin,, cp < log (1 + |z; — b;|) + ( 2 — yF, (Wi = vr) 5 )T 5— (acz - yf) ,
Ltp(wha—ub)™ /) 2™

which as discussed in Section can be reduced to the computation of the proximal mapping of the
function log (1 + |z — b|).

Smooth data fitting term. Here, we consider the same optimization problem but with a smooth
data fitting function

f(z) = zd:log (1 4 (2 — bi)Q) .
=1

In this case we still have that the function f (z) — (a/2) ||z||* is convex for all o < —d/4. In addition,
the main step of the CoCaln BPG algorithm, can be split into separable subproblems with respect to
each variable z;. This subproblem is a minimization of a quasi-convex function, hence the negative
gradient always points towards the global minimizer. This means that we can find global minimizer,
via setting the derivative to zero, which reduces to a cubic equation that can be explicitly solved.

6.5 Non-convex Quadratic Problems with Cubic Regularization

Here we consider the broad class of problems, known as Non-convex Quadratic Problems with Cubic
Regularization which take the following form

. L r P 3
;2%@{2‘% Am+<b,w>—|—§Hm|| }

22



where A € R¥™4 b € R? and p > 0. For simplicity we assume that A is symmetric, even though
it is straightforward to extend our discussion to non-symmetric matrices. These problems typically
arise in trust-region methods and cubic regularized Newton methods, which is currently a very active
topic of research [35] [17, 23] 46, 51, 29, 57, 53]. Gradient descent is a popular method to solve such
problems [51], but the theoretical guarantees usually limited to objective functions with Lipschitz
continuous gradient. However, it is clear that this is not the case here. Motivated by this limitation,
we show below two ways, in which CoCaln BPG can handle this class of challenging problems with
theoretical guarantees. We do not aim here to provide the best algorithm to solve such problem, rather
to illustrate the general applicability of CoCaln BPG. We start with the first option, where we set the
following functions:

1

9(@) = 5o Ar+ (ba), f() ;zgux\ﬁ and T (z)

1

_ - 2
= 5l

Since f is a full-domain convex function and g is quadratic, all the required assumptions hold true.
In order to apply CoCaln BPG algorithm, the following subproblem (ignoring constant terms) must
be solved . )
2! € argmin, P Iz + <Ayk +b,x— yk> +— Hx — ka .
3 2T, k

k+1

By writing the optimality condition at the point "™, we obtain

k+1H gF Rl gk Ak

TkPHJU

Denote z¥ := y* — 7, Az¥ — 7,b, then we obviously have that z*T! = tz* where t can be obtained by
solving the following quadratic equation

T pt? szH +t—-1=0.

k+1

Since 1 + 47 szH > 0, there exists a solution for ¢, and the solution for x follows trivially.

We present another way in which CoCaln BPG can be applied. Set the following functions:

1Al

|1l 2
5 .

1 p P
9(@) = o Av+ (ba) + Lz’ =0 and h()= Lo’ + 15 |l

2
It is easy to show that the function Lh — g is convex for all L > 1 and all the required assumptions
hold true. Similar arguments as above show that the main step of CoCaln BPG can also be computed
explicitly.

6.6 Structured Matrix Factorization

We now illustrate the performance of CoCaln BPG on Structured Matrix Factorization problems. We
show that with proper intialization, CoCaln BPG can result in a superior performance, even though
L-smooth adaptable property does not hold. This hints at possible generalizations of CoCaln BPG.
We leave such extensions and the corresponding theoretical justifications for future work.

Structured matrix factorizatiorﬁ is an important optimization problem. Its applications include,
for example, dictionary learning, deconvolution and source separation. The main goal is to obtain the
unknown matrix factors U € RM*K and Z € RE*N of the matrix A € RM*N such that A=UZ 4+ Q
where Q € RM*N ig the error term. The factors are obtained typically through an optimization
problems of the following form

1
nUliél{\I/(U, 2) = 5| A=UZ|% + AP (U) + AF, (Z)}, (6.10)

4We follow the tutorial at http://www.albertauyeung.com/post/python-matrix-factorization/| and also we use
the Nimfa python library (see http://nimfa.biolab.si/)
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where F; and Fh are regularization terms, A > 0 a regularizing parameter. The data-fidelity func-
tion G is the Frobenius norm of the approximation error matrix ¢). Here, we set ¢ = G and
fU,Z) = AFy (U) + A\F5(Z), with the obvious matrix to vector transformations. In applications
like Collaborative Filtering [30] where A is sparse, the Frobenius norm is restricted to the non-zero in-
dices of A. We refer to [22, 20, 47, 56], 42] for detailed summaries of matrix factorization formulations,
algorithms and applications.

We consider experiments with two settings of regularization terms, (i) squared ¢o-norm, where we
use Fy (U) = (1/2) |U||5 and Fy (Z) = (1/2) || Z||5 and (ii) £1-norm, where we use Fy (U) = ||U]|, and
F>(Z) =||Z||,. We compare CoCaln BPG with Euclidean distance as the Bregman distance, Proximal
Gradient Descent (PGD) with backtracking (can be obtained by setting 7, = 0, & € N, in CoCaln
BPG with Euclidean distance) and iPiano of [41] with extrapolation parameter set to 0.7. We use a
toy example, where we generate a random sparse matrix A € R200%200 and report the performance in
Figures |7al and We also use Medulloblastoma datasetﬂ [14], which deals with microarray data of
child tumors, to obtain a dense matrix A € R%893%34 We report the performance of the algorithms in

Figures [T and
1800
[{l— CoCaln with Euclidean distance 4 ‘ —— CoCaln with Euclidean distance

—— CoCaln with Euclidean distance
—— PGD with Backtracking
——— iPiano
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—— GD with Backtracking
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1780
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E}
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(a) L2 regularization. (b) L1 regularization. (c) L2 Regularization. (d) L1 Regularization.

Figure 7: CoCaln for Matrix Factorization. Figures and show the performance on the
toy matrix A € R200%200  with K = 10. Here, iPiano and PGD with backtracking perform very
similar, however CoCaln BPG achieves a lower function value. Figures [7d and [7d| are for the matrix
A € R39334(obtained from the Medulloblastoma dataset [14]), with K = 2. Here, CoCaln BPG'’s
performance is an order of magnitude better in terms of function values in log scale compared with
both iPiano and PGD with backtracking.
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8 Appendix: Proof of Theorem [5.1

The set of all limit points of {z*}ren is defined by
w (:1:0) = {T eR?: Jan increasing sequence of integers {k;};cn such that M 5 T asl — oo} .

We first prove the following result.

®More information regarding the dataset and its importance to the matrix factorization can be found at http:
//nimfa.biolab.si/nimfa.examples.medulloblastoma.html
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Lemma 8.1. Let {2*}ren be a bounded gradient-like descent sequence for minimizing Vs,. Then,
w (a:o) 18 a nonempty and compact subset of crit W, and we have

lim dist (:Uk,w (:UO)> =0. (8.1)

k—o00
In addition, the objective function W is finite and constant on w (330).

Proof. Since {z"}pen is bounded there is z* € R? and a subsequence {xk‘I}qu such that zFe — z*

as ¢ — oo and hence w (xo) is nonempty. Moreover, the set w (:co) is compact since it can be viewed
as an intersection of compact sets. Now, from condition (C3), Proposition [5.3(ii) and the lower
semicontinuity of ¥ (which follows from the lower semi-continuity of f and g, see Assumption , we

obtain
lim s, (xkq“,xkq) = lim ¥ (a:kq) = U (2*). (8.2)

q— o0 q—o0

On the other hand, from conditions (C1) and (C2), we know that there is w* € s, (a:k“, xk), keN,
such that w* — 0 as k — oo. The closedness property of 0V, implies thus that 0 € 0Us, (z*,2*) =
OV (z*). This proves that x* is a critical point of ¥, and hence is valid.

To complete the proof, let limy_, ¥s, (:vk+1,xk) =[] € R. Then {\IJ51 (xkq+1,$k‘1)}qu converges

to ! and from (8.2)) we have W (z*) = [. Hence the restriction of ¥s, to w (xo) equals [. O

We recall now the definition of the Kurdyka-Lojasiewicz (KL) property [31] 32] and [8] (for the
non-smooth case). Denote [a < ¥ < ] :={z € R?: a < ¥ (z) < 8}. Let n > 0, and set

@, = { € C°0,7)NC'0,n) : ¢ (0) =0, concave and ¢’ > 0} .

Definition 8.1 (The Non-smooth KL Property). A proper and lower semicontinuous function ¥ :
RY — (—o00, +00] has the Kurdyka-Lojasiewicz (KL) property locally at @ € dom W if there exist 1 > 0,
¢ € ®,), and a neighborhood U () such that

¢ (¥ (u) — W (u))dist (0,00 (u)) > 1,
forall u € U (u) N[¥ (u) < ¥ (u) < ¥ (u) + 7).

Our last ingredient is a key uniformization of the KL property proven in [I1, Lemma 6, p. 478],
which we record below.

Lemma 8.2 (Uniformized KL Property). Let Q be a compact set and let ¥ : R — (—o0, +00] be
a proper and lower semicontinuous function. Assume that ¥ is constant on  and satisfies the KL
property at each point of Q. Then, there exist € > 0, n > 0 and ¢ € ®, such that for all T in Q one

has,
¢ (U (z) — ¥ (7)) dist (0,00 (x)) > 1, (8.3)

and all z € {z € R?: dist (z,Q) < £} N[V () < ¥ (z) < ¥ (Z) + 7).
We can now restate and prove Theorem

Theorem 8.1. Let {zF}pen be a bounded gradient-like descent sequence for minimizing Vs, If U and
h satisfy the KL property, then the sequence {x*}ren has finite length, i.e., Y ooy H:pk“ — ka < 00
and it converges to x* € crit W.

Proof. Since {2*}1en is bounded there exists a subsequence {xk‘Z}q cy Such that zke — T as ¢ — oo.
In a similar way as in Lemma (using also Proposition [5.3|(ii)) we get that

lim 0, (a;’f“,x’“) = lim ¥ (g;k) =0 (3). (8.4)
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If there exists an integer k for which Uy, (21, 2%) = U (Z) then condition (C1) would imply that

2F1 = 2k A trivial induction show then that the sequence {z¥} ey is stationary and the announced

results are obvious. Since {\1151 (ka, xk) }k N is a nonincreasing sequence, it is clear from (8.4]) that

U (z) < Ws, (1 2%) for all k& > 0. Again from (84) for any n > 0 there exists a nonnegative
integer ko such that Wy, (2", 2%) < ¥ (Z) + n for all k > ko. From Lemma we know that

limg_, o dist (:ck,w (aco)) = 0. This means that for any £ > 0 there exists a positive integer k; such

that dist (xk,w (:UO)) < éforall k > k;.

From Lemma applied of Uy, , we know that w (:CO) is nonempty and compact and that the
function ¥ is finite and constant on w (mo). Hence, we can apply the Uniformization Lemma with
A=w (:UO). Therefore, for any k > [ := max {ko, k1}, we have

o' (\1151 (azk,xk*1> - \I/(T)) dist (0,8@51 <xk,mk*1>> > 1. (8.5)

This makes sense since we know that s, (z¥,2"71) > ¥ () for any k > I. Combining (8.5) with
condition (C2), see Proposition we get that

(o) v 2o (] o)
For convenience, we define for all p,q¢ € N and T the following quantity
Apjt1 = (%1 (xk,ka) - (E)) — (11151 (xkﬂ,xk) — U (E)) )
From the concavity of ¢ we get that
A1 > ¢ <\1151 (:Uk,xk_l) - (E)) ((\1151 (mk,:ﬂk_l) — (s, (xk"’l,xk)) . (8.7)
Combining condition (C1) with and yields, for any k > [, that

A > ka—i—l — kaQ h /
,  where p:= )
R 2 T = T e — ) P

Using the fact that 2v/a8 < a + § for all o, 8 > 0, we infer from the later inequality that
4 kaﬂ — ka < kail - xk72H + ka - a:kilH + 4pAj k- (8.8)
Summing up (8.8) fori =1+ 1,...,k yields

k k k k
42l =atf = 30 ot =+ D ot = a4 4p 3 i

i=I+1 i=l+1 i=l+1 i=l+1
k
< Z sz‘-',-l B sz i Hmz - l,l—lH I Hxl-&-l - le
i=i+1
k k
+ Z |2 — 2| + Ha:l — xlilH +4p Z At
i=l+1 i=1+1

k
—9 Z sz+1 _sz 19 sz _xz—1H I Hxl+1 _ le + 4D,
i=l+1

where the last inequality follows from the fact that A, , +Ag, = A, for all p,q,r € N. Since ¢ > 0,
recalling the definition of Aj;q 41, we thus have for any k£ > [ that

k
2 Z HxiH - x’H <2 Hml — xl_lH + Hle - le + 4pp (\1151 (le,:nl) - v (T)) ,
i=1+1

which implies that Y p- kaH — ka < 00, i.e., {¥}ren is a Cauchy sequence and hence together
with Lemma (8.1 we obtain the global convergence to a critical point. O
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