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Abstract

We present a probabilistic model for stochastic iterative algorithms with the use case of
optimization algorithms in mind. Based on this model, we present PAC-Bayesian gener-
alization bounds for functions that are defined on the trajectory of the learned algorithm,
for example, the expected (non-asymptotic) convergence rate and the expected time to
reach the stopping criterion. Thus, not only does this model allow for learning stochastic
algorithms based on their empirical performance, it also yields results about their actual
convergence rate and their actual convergence time. We stress that, since the model is
valid in a more general setting than learning-to-optimize, it is of interest for other fields
of application, too. Finally, we conduct five practically relevant experiments, showing the
validity of our claims.

Keywords: learning-to-optimize, stochastic processes, pac-bayes, convergence rate, stop-
ping time

1 Introduction

Learning-to-optimize is an important topic of current research, because optimization prob-
lems are ubiquitous in science and industry, their solution is often time-consuming and
costly, and learned optimization algorithms can outperform classical ones by orders of mag-
nitude. However, more often than not, theoretical guarantees for such learned optimization
algorithms are missing, which renders their application at least questionable. Therefore:

In this work, we consider parametric stochastic iterative (optimization) algorithms to
minimize parametric (loss) functions, and how to learn such algorithms with theoretical
guarantees on their non-asymptotic convergence rate and convergence time.

The purpose of this introduction is a) to motivate the upcoming discussion and b) to
decipher the statement above. The starting point of our considerations is a parameteric
loss function £(s,0), which we want to minimize in s for every realization of §. To do this,
a stochastic algorithm A is applied iteratively, and yields a sequence § = (£ (t))teNO:

¢ = A(a,0,6® 5ty (1)

Here, the hyperparameters a allow for adjusting the algorithm, while the parameters 0
specify the current loss function the algorithm is applied to, and n(tH) models the (internal)
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randomness in each iteration. Starting from some initialization £(9), the overall goal of such
an algorithm is to find a state s that satisfies certain properties, typically specified in terms
of £(-,0). If such a state is found, the algorithm is stopped and is considered to be converged.
Then, the number of iterations it takes to converge is the convergence time. Since, generally,
one wants to solve optimization problems in the least amount of time, the aim of this work
is to learn A in such a way that we can guarantee to reach the stopping criterion in a certain
amount of time, that is, such that we can upper bound the convergence time. Here, learning
A refers to choosing the hyperparameters based on a data set of parameters. However, there
is a catch: Both the convergence rate and stopping time are properties of the trajectory of
the algorithm, that is, they cannot be pinpoint to single, fixed iterates. Therefore, for
stating such guarantees, one has to have access to all the iterates £ = (5 (t)) teNg? which, for
every choice of hyperparameters a and parameters 0, form a discrete-time stochastic process,
which we have to analyze. While stochastic processes might be arbitrarily complex objects,
the process induced by Equation , which is visualized in Figure|l} is actually driven by a
single simple equation, which allows to disentangle the randomness of this particular process.
Indeed, the “total randomness” is exactly a superposition of the four separate sources given
by the initialization & (), parameters 6, hyperparameters «, and internal randomness n(t).
Each source has a different kind of influence on the trajectories generated by A. Similarly,
as will be shown in Section [4] the distribution of the whole stochastic process £ emerges
from a similar and equally simple equation. Even more so, it is in fact uniquely defined by
this, that is, this is actually the only way to define this distribution which is compatible
with the underlying stochasticity. Therefore, after the related work and preliminaries, in
Section [ we will derive the corresponding probabilistic model by building it from ground
up, basically starting from Equation . Then, in Section we use this model to derive, in
a rather standard way, generalization bounds for learning such an algorithm based on data.
Especially, our results include generalization bounds for its non-asymptotic convergence
rate and its convergence time of the following, informal form (compare to Corollaries
and (38| together with Remark :

Theorem 1 (Informal) Under mild boundedness assumptions on the algorithm, the p-
average convergence time T and the p-average convergence rate © can be bounded, respec-
tively, by the p-average empirical convergence time 7 plus some remainder term Ry n, and
the the p-average empirical convergence rate © plus some remainder term R, n, where both
R n and R, n vanish with the size N of the data set L@[N], that is, for alle > 0 and A > 0:

Pop {Vp €P : p[7] < plf] + Rin and p[r] < p[f] + Ry} 21 —€.

Finally, in Section [f] we conduct several practically relevant experiments to underline the
validity of our theoretical claims. Here, we design new algorithms, which we train and
evaluate with the proposed approach to showcase their superior performance compared to
a “standard” algorithm. To our knowledge, approaching learning-to-optimize from the per-
spective of stochastic processes, modelling the corresponding distribution of the trajectory,
and using it for learning a stochastic optimization algorithm with guarantees on its con-
vergence rate and convergence time has not been done before, and might pave the way to
other approaches.
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Figure 1: Superposition of different sources of randomness: The algorithm can be applied to
several problem instances coming from a common distribution (upper left). Since
this is not under the control of the user, we refer to it as external randomness.
Further, the algorithm might be started from different, randomly chosen initial-
izations (upper right). Furthermore, there might be randomness (or uncertainty)
in the choice of the hyperparameters of the algorithm (lower left). Finally, the
algorithmic update might be inherently stochastic (lower right), which, as it is
inherent to the algorithm, we refer to as internal randomness. Combining these
four sources of randomness yields the superposition depicted in the middle.

2 Related Work

The literature on both learning-to-optimize and the PAC-Bayesian learning approach is
vast. Hence, the discussion of learning-to-optimize will mainly focus on learning approaches
that provide some theoretical guarantees. Especially, this excludes many approaches that
“only” evaluate their model empirically. |Chen et al. (2021) provide a good overview about
the variety of approaches in learning-to-optimize, and good introductory references for the
PAC-Bayesian approach are given by |Guedj| (2019) and |Alquier| (2021)).

2.0.1 BROADER CONTEXT OF LEARNING-TO-OPTIMIZE

Solving optimization problems is an integral part of machine learning. Thus, learning-to-
optimize has significant overlap with the areas of meta-learning (or “learning-to-learn”)
and AutoML. The first one is a subset of learning-to-optimize, because learning-to-optimize
applies to general optimization problems while meta-learning is mostly concerned with
determining parameters of machine learning models (Vilalta and Drissi, 2002; [Hospedales|
, . AutoML, however, more broadly refers to automating all steps necessary
to create a machine learning application, which therefore also involves the choice of an
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optimization algorithm and its hyperparameters (Yao et al., 2018; [Hutter et al. [2019; He
et al., 2021).

2.0.2 LEARNING-TO-OPTIMIZE WITH GUARANTEES

Chen et al.| (2021) point out that learned optimization methods may lack theoretical guar-
antees for the sake of convergence speed. That being said, there are applications where a
convergence guarantee is of highest priority. To underline this, Moeller et al.| (2019) provide
an example where a purely learning-based approach fails to reconstruct the crucial details
in a medical image. Also, they prove convergence of their method by restricting the out-
put to descent directions, for which mathematical guarantees exist. The basic idea is to
trace the learned object back to, or constrain it to, a mathematical object with convergence
guarantees. Similarly, Sreehari et al. (2016|) provide sufficient conditions under which the
learned mapping is a proximal mapping. Related schemes, under different assumptions and
guarantees, are given by [Chan et al.| (2016]), Teodoro et al.| (2017)), [ Tirer and Giryes (2018)),
Buzzard et al. (2018), Ryu et al. (2019), Sun et al.| (2019), Terris et al. (2021) and |Cohen
et al.| (2021). A major advantage of these methods is the fact that the number of itera-
tions is not restricted a priori. However, a major drawback is their restriction to specific
algorithms and problems. Another approach, which limits the number of iterations, yet in
principle can be applied to every iterative optimization algorithm, is unrolling, pioneered
by |Gregor and LeCun| (2010). Xin et al.| (2016]) study the IHT algorithm and show that it
is, under some assumptions, able to achieve a linear convergence rate. Likewise, [Chen et al.
(2018) establish a linear convergence rate for the unrolled ISTA. However, a difficulty in
the theoretical analysis of unrolled algorithms is actually the notion of convergence itself,
such that one rather has to consider the generalization performance. Only few works have
addressed this: Either directly by means of Rademacher complexity (Chen et al., 2020,
or indirectly in form of a stability analysis (Kobler et al., |2020)), as algorithmic stability is
linked to generalization (Bousquet and Elisseeff, |2000, [2002; Shalev-Shwartz et al., [2010).
Another line of work studies the design of learned optimization algorithms, pathologies and
pitfalls during training, and how it affects the possible guarantees (Wichrowska et al.| 2017}
Metz et al., 2019, 2022)). In this context, Liu et al.| (2023)) advocated for more mathematical
structure in learning-to-optimize and proposed to enforce these convergence properties by
design. Similarly, |Castera and Ochs| (2024) analyze hand-crafted optimization algorithms
that can be applied in a wide range of problems, extract common geometric properties from
them, and, based on that, provide design-principles for learned optimization algorithms.
A recent work somewhat related to ours is the the preprint of Xie et al. (2024), in which
the authors also tackle the problem of learning optimization algorithms with convergence
rates. In doing so, they also introduce a notion of “stopping time”. However, while try-
ing to provide an answer to the same question, the approaches taken are complementary:
In their work, the authors combine the ODE-approach to optimization algorithms with
learning-to-optimize to leverage the convergence of a continuous-time trajectory together
with the stability of a (forward Euler) discretization scheme to deduce, analytically, the
convergence of their algorithm. Through this, if the ODE is discretized in a stable way,
they can provide asymptotic, worst-case convergence rates, which yield an upper bound on
the performance of the algorithm. On the other hand, we approach the problem statisti-
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cally, and provide generalization guarantees for the non-asymptotic, average convergence
rate, that is, a guarantee that the rate which gets observed during training will generalize
to new problems from the same distribution. By design, this closely resembles the average
performance of the learned algorithm. Another important difference to our work is the fact
that, since the discretization scheme is fixed, the choice of the ODE completely determines
(up to hyperparameters) the resulting algorithm. In our approach, however, we investigate
an abstract algorithm, that is, the design of the update-step is not fixed a-priori. Thus,
we use the iterative approach of learning the update step of an abstract algorithm. This
has three advantages: a) We can use an arbitrary number of iterations, b) it does not limit
the design of the algorithm, and c) it allows for deriving the distribution of the trajectory.
Then, we provide generalization guarantees for (bounded) functions defined on the space of
trajectories, that is, functions that resemble some statistic about the algorithm. FEspecially,
this includes non-asymptotic convergence rates, finite stopping times, and function values
at any finite iteration.

2.0.3 PAC-BAYESIAN BouNDS AND BOUNDED Lo0OsSs FUNCTIONS

The PAC-Bayesian framework allows for giving high probability bounds on the risk, either
as an oracle or as an empirical bound. The key ingredient is a change-of-measure inequality,
which strongly influences the corresponding bound. The one used most often is based on a
variational representation of the Kullback—Leibler divergence due to Donsker and Varadhan
(1975), employed, for example, by |Catoni (2004, 2007)). Yet, not all bounds are based on a
variational representation, that is, holding uniformly over all posterior distributions (Rivas-
plata et al., 2020|). While most bounds involve the Kullback—Leibler divergence as measure
of proximity (McAllester, [2003alb; Seeger, [2002; Langford and Shawe-Taylor, 2002; (Germain
et al., |2009)), more recently other divergences have been used (Honorio and Jaakkola, 2014
London, 2017; Bégin et al., |2016; |Alquier and Guedj, 2018} |Ohnishi and Honorio], 2021
Amit et al., 2022; Haddouche and Guedj, 2023)). Here, the assumptions that can be made
about the function in question decisively influence the choice of divergence (or distance).
A typical assumption is boundedness, which is used to apply some exponential moment in-
equality like the Hoeffding- or Bernstein-inequality (Rivasplata et al.l [2020; Alquier, [2021)).
In many applications this is very restrictive, and several ways have been developed to cir-
cumvent it (Germain et al., 2009; |Alquier et al., 2016} |Catoni, |2004; Haddouche and Guedj|,
2022; Rodriguez-Galvez et al., 2024). However, the loss-functions occurring in this work
can naturally be bounded by properties of the optimization algorithm. Thus, we use a
standard PAC-Bayesian argument involving the Donsker-Varadhan variational formulation
and Hoeffding’s inequality to get the generalization bounds.

2.0.4 MINIMIZATION OF THE PAC-BoOUND AND CHOICE OF THE PRIOR

The PAC-bound relates the true risk to other terms such as the empirical risk. Yet, it
does not directly say anything about the absolute numbers. Thus, in learning procedures
based on the PAC-Bayesian approach one typically aims to minimize the provided up-
per bound: Langford and Caruana (2001) compute non-vacuous numerical generalization
bounds through a combination of PAC-bounds with a sensitivity analysis. |Dziugaite and
Roy| (2017)) extend this by minimizing the PAC-bound directly. |Pérez-Ortiz et al.| (2021)
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also consider learning as minimization of the PAC-Bayesian upper bound and provide tight
generalization bounds. Thiemann et al. (2017) provide sufficient conditions under which
their resulting minimization problem is quasi-convex, which they solve by alternating min-
imization. Nevertheless, a common difficulty in learning with PAC-Bayesian bounds is the
choice of the prior distribution, as it heavily influences the performance of the learned mod-
els and the generalization bound (Catoni, 2004; Dziugaite et al., |2021; Pérez-Ortiz et al.,
2021)). In part, and especially for the Kullback-Leibler divergence, this is due to the fact
that the divergence term can dominate the bound, keeping the posterior close to the prior.
This lead to the idea of choosing a data- or distribution-dependent prior (Seeger) 2002}
Parrado-Hernandez et all 2012; [Lever et al., 2013 [Dziugaite and Royl, |2018; [Pérez-Ortiz
et al., 2021)), which, by using an independent subset of the data set, gets optimized to yield
a good performance. We follow this approach and consider learning as minimization of the
PAC-Bayesian upper-bound, however, applied to the context of learning-to-optimize. Also
for us, the choice of the prior distribution is crucial for the performance of our learned
algorithms, such that we use a data-dependent prior, which we construct similarly as in our
prior work (Sucker et all, {2024)).

2.0.5 MORE GENERALIZATION BOUNDS

There are many areas of machine learning research that study generalization bounds and
have not been discussed here. Importantly, the vast field of “stochastic optimization” (SO)
provides generalization bounds for specific algorithms. In most of the cases, the concrete
algorithms studied in SO generate a single point estimate by either minimizing the (regu-
larized) empirical risk functional over a possibly large data set, or by repeatedly updating
the point estimate based on a newly drawn (small) batch of samples. Then, one studies
the properties of this point in terms of the stationarity measure of the true risk functional
(Bottou et al., |2018; Davis and Drusvyatskiy, 2022; Bianchi et al., 2022)). Further, as the
setting in SO is more explicit, more assumptions have to be made. Typical assumptions
are (weak) convexity (Shalev-Shwartz et al.l [2009; Davis and Drusvyatskiyl [2019), bounded
gradients (Défossez et al., [2022), bounded noise (Davis and Drusvyatskiyl, 2022)), or smooth-
ness (Kavis et al., [2022). All of these assumptions cannot be made without severely limiting
the applicability of our results, because we consider an abstract loss function, an abstract
optimization algorithm, and the problem of finding a distribution over its hyperparameters.
Further, through learning, we go explicitly beyond analytically tractable quantities.

3 Preliminaries and Notation

We will endow every topological space X with its Borel-o-algebra B(X), and we assume it
to be a Polish space, that is, it is separable and admits a complete metrization. Given two
spaces X and Y, we write their product as X x Y, and, for products with a generic number
of terms, we use ngl X,,. Similarly, the product-o-algebra of B(X) and B(Y) on X x Y is
denoted by B(X) ® B(Y). Further, for a generic number of terms, we use @"_, B(X,,) to
denote the product-o-algebra, and, if X,, = X for alln = 1,..., N, also X"V and B(X)®".

Remark 2 Countable products of Polish spaces are again Polish, and we have the equal-
ity B (HnEN Xn) = Q,en B(Xn) (Kallenberg, |2021, Lemma 1.2, p.11). Therefore, as we
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Kernel & Resulting Trajectory

Figure 2: Visualization of kernels and their corresponding operations: The top figure
visualizes the distributions pu(z;,-), i = 0,...,3, (colored dots) for four selected
points x, ..., 3. Here, each color represents one distribution pu(z;,-), i =0,...,3,
and the colored lines connecting x; with each point from the next cluster should
represent all the possible outcomes of p(z;,-). The blackish line connecting the
points xg, ...,x3 (and x4) shows that, by selecting one sample from each u(z;,-),
a trajectory emerges from this process. The lower left figure visualizes how
a distribution v (blue) is transformed by the kernel p into the distribution v - p
(purple): At each point = we have a distribution u(z,-) (represented by several
pink dots connected to one blue dot), and by integrating these points w.r.t. v, the
distribution v - 4 emerges. The lower right figure shows the distribution v ® pu.
The creation is the same as for v -y, which is the marginal of v ® u. However,
(4 ® v is a measure on S, while v - i is a measure on S.

consider a discrete-time algorithm, all resulting product spaces in this work will be Polish
spaces endowed with the Borel-o-algebra, which coincides with the product-o-algebra.

We use the same notation for measures: Given two measures v; and v5 on X and Y, the
corresponding product measure on X x Y is denoted by 11 ® vs. If the product involves a
generic number of measures, this is denoted by ®5:1 Un,and, if v, =vforalln=1,...,N,
we also use v®V. Further, if necessary, we will write the integral of a function f : X —
R w.r.t. v in the operator notation, that is, v[f] := [y v(dz) f(z) == [y f(z) v(dx).
Especially, this applies when having multiple iterated integrals at once, in which case this
has to be read from right to left instead from inside to outside. For example, if we integrate
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f: X XY xZ—->Rwrt v®u® A by Fubini’s theorem we have:

o102 e Ve dde) = [ ] 60 309 i) via

— /X v(dz) /Y (dy) /Z Adz) f(z,y,2).

In doing so, the integrand is closer to its “next” integrator and one can avoid many brackets.
Especially, this applies to kernels, which are of fundamental importance for this work:

Definition 3 Let (X, X) and (Y,)) be measurable spaces. A kernel p from X toY is a
mapping
w:X xY —[0,00],

such that © — p(x,A) is measurable for every fired A € Y, and A — u(x,A) is a measure

for every x € X. p is called a probability kernel, if u(z,Y) =1 for every x € X.

Notation 4 We adopt the standard (abuse of ) notation for kernels, that is, p: X x Y —
[0, 0] is abbreviated as p: X =Y.

For two (probability) kernels 4 : X — Y and v : X x Y — Z, the product of x and v is
defined as the kernel p® v : X — Y x Z given by:

(4 ®v)@)[f] = /Y (e, dy) /Z v((2,9),d2) [y, 2),

where f:Y x Z — R is a measurable function. That is, for every z € X, (p® v)(z,-) is a
measure on Y x Z, such that for a set A x B € B(Y x Z) it holds:

(4 v)(@,A x B) = /A v((2,),B) u(z, dy).

Similarly, the composition of 1 and v is given by the kernel p- v : X — Z defined through:

(- v)(@)lg) = /Y u(z, dy) /Z v(( ), d2) 9(2)

where g : Z — R is a measurable function. That is, for a measurable set B C Z it holds:

(1) B) = [ (@0).8) (o dy).
Hence, it holds that (- v)(x)[g] = (p @ v)(x)[1ly ® g], that is, (p - v)(z,-) is the marginal
of (n®v)(z,-) on Z. Here, 1 denotes the indicator function of a set A, which is equal to
one for x € A and zero else, that is, we have 1a(x) = §,(A), where §, is the Dirac-measure.

Example 5 Having two random wvariables on the same probability space taking values in
Polish spaces X and Y, say 2 : (Q,A, P) = X and ¥ . (Q,A,IP’) — Y, there exists a
regular version of the conditional distribution Py g of ¥, given 2, such that their joint
distribution can be factorized into the marginal and the conditional distribution:

Poyao)y =Py &Py o,
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where (z,A) = Py g —.{A} is a probability kernel from X to Y. Similarly, the marginal of
% is given by:

Py {B} =P{# € B} =P{2 € X, ¥ € B} =Py »){X x B}

= (P2 ®Pyjy) {X x B} = /XIP’w%‘:x{B} Py (dz) = (Py - Py|o) {B} -

For notational simplicity, when we have N elements x1,...,xnx in some space X, and we
refer to them all at once, that is, to the vector (z1,...,2x) € X%, we indicate this by
TN = (1,...,zn). For example, when integrating w.r.t. a product measure P%N this
allows for the more compact notation:

P = [

PEN () ) == / (@1, en) PEY (day, .., dzy)
XN XN

Similarly, given such a vector z|y), we refer to its components as z1,...,zn, and the cor-
respondence will be clear from the context. Furthermore, as this will turn up in the gen-
eralization bounds, the space of measures on an underlying space X is denoted by M(X),
and all probability measures that are absolutely continuous w.r.t. a reference measure
w € M(X) are denote by P(p) := {v € M(X) : v < pand v[X] = 1}. In this context,
the Kullback-Leiber divergence between two measures p and v is defined as:

vllog(f)] = [y log(f(x)) v(dzr), v < p with density f,
400, otherwise .

Dyr(v || 1) = {

Here, we have the following variational formulation due to Donsker and Varadhan (1975):

Lemma 6 (Variational Formulation by Donsker and Varadhan) For any measur-
able and bounded function h : X — R, it holds that:

g ([ exp(hte) () =V§%{ [ o) vtas) = Dralo 0

Finally, the following definitions are used in the so-called monotone-class argument, which
is needed to derive the distribution of the trajectory of the algorithm:

Definition 7 Let (X, X) be a measurable space. A class C C X is called a mw-system, if it
is closed under finite intersection, that is, A,B € C implies ANB € C. Furthermore, a class
D C X is called a A-system, if it contains X and it is closed under proper differences and
increasing limits. That is, we require X € D, that A,B € D with A D B implies A\ B € D,
and that Ay, Aq, ... € D with A, T A implies A € D.

The following theorem can be found in Kallenberg (2021, Thm. 1.1, p.10).

Theorem 8 (Monotone Classes) For any w-system C and A-system D in a measurable
space X, it holds that:
CcD = o(C)CD,

where o(C) is the o-algebra generated by C.
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4 The Probabilistic Model

In this section we derive the distribution of the trajectories of the algorithm. Starting from
the ad-hoc motivation in the introduction, especially Equation , we aim for a probability
space that describes the trajectories generated by the algorithm depending on the hyperpa-
rameters and parameters. For this, we first introduce a probability space (Qpre, Apre; Ppre)
which describes the underlying randomness outlined in the introduction. Then, in Def-
inition we define the transition kernel of A, which is the needed measure-theoretic
equivalent to Equation . Afterwards, in Theorem we show that the transition kernel
(together with the initialization) yields a unique probability kernel onto the space of trajec-
tories, which describes the distribution of £ = (£ (t))teNO depending on the hyperparameters
a and parameters 6. This, in turn, allows us to define the probability space (€2, .4, P), which
describes the joint distribution of the hyperparameters, parameters, and the resulting tra-
jectory & in the correct way, and which will be used to derive the generalization results.
Since this is quite technical, we want to stress once again that this builds the fundament
of our principled treatment of learning-to-optimize with theoretical guarantees, and it is
absolutely necessary for giving generalization bounds for the convergence rate and stopping
times. For this, our model relies on the following two mild assumptions:

Assumption 9 We are given four Polish probability spaces: the state space (S,B(S),P.),
the parameter space (P, B(P),P%), the hyperparameter space (H,B(H),P ), and the ran-
domization space (R, B(R),Ps) .

Remark 10 [t is assumed implicitly that the state space encompasses the space of the
optimization variable as a subspace, and we denote the corresponding projection from S
onto this subspace by Ilg. This is done, for example, to be able to model algorithms that
depend on a finite number of other variables, such as previous iterates.

Assumption 11 We are given a measurable function ¢ : S x P — [0, 00], the loss function,
and a measurable map A: H x P x S x R — S, the algorithmic update.

As stated in the introduction, starting from some initialization () € S, the algorithm
generates a sequence of iterates £ = (§ (t))teNo as follows:

D) = A(a, 0,60 ntH) 1> 1,

where a € H, 6 € P, and n(**Y) € R. Thus, £ is a discrete time stochastic process taking
values in the space S, and the goal is to learn the hyperparameters o € H on a dataset of
parameters 0y := (01, ...,0n) € PV.

Example 12 (i) Consider stochastic gradient descent to minimize the parametric empir-
ical risk €(z,0) == L 3" fi(x,0). In each iteration, the algorithm samples an index
J uniformly in {1,...,m} and performs the update:

D — O _avf(e®,9),

where o > 0 is a step-size. This can be summarized into a single mapping A as:

.A(Oé, 0, f(t)7 77(t+1)) = f(t) -G Z 1{1} (n(t+1))vfl (f(t)u 9) )

i=1

10
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where D ~ UY{1,...,m}. Thus, it holds S = R, H = [0,00), and R = {1,...,m}.
(ii) Consider an update of the form:
(t+1) . Bt+1) o Nl(al,e h() (t+1))
13 =2 ) T 20 2 Ay(as, 6,60, 51Dy )
where, additionally to updating the iterates ¥ € R™ with a neural network Na, one
updates a hidden state hY) € R™ with another neural network Ni. In this case, the
state would consist of €1 = (h(t),$(t)) € R™™ Ilg would be the projection from

R™*™ onto R™ with Hg(g(t)) =2, and the hyperparameters a would be given by the
parameters of these two networks, that is, the tuple a = (g, ag).

4.1 The Distribution of the Trajectory on SN

We model the underlying stochasticity through the following probability space, which com-
bines the four independent sources of randomness in the canonical way. Since we want to
learn on a dataset of size IV, we have to use the N-fold product of several of these spaces.
Thus, define the measurable space (Qpre, Apre) through:

N
Qpre 1= H x PV x 8% 5 (RY) 7, Apre o= B(Qpre)
and endow it with the probability measure
N
Pore =P 0 P5Y 0 PSY @ QPG
n=1
We denote the canonical process on ., that is, the coordinate projections, by
%pre = (jf, @[N]a <ﬂ[N]a ('@(t))tGN,[N]) .
Thus, it holds that 7 ~ Py, Py, ... Px Y Py, A, . In Py, and all ZY ~ Py,

teN,n=1,..,N, are i.i.d. Then, by definition of (Qpre, Apre, Ppre) and Fubini’s theorem,
for any cylinder set By x ... x By € B(S)®" we have the following factorization:

Ppre{<A(if, Py, I, BWY), . A, Py, I, R >)) € By X .. X BN}
N
:/ H]P;j {A « Qn,xn,-) S Bn} (P%@P ®IP)®N) (da,dg[N],dSU[N}),
HxPNxSN =~

which motivates the following definition:
Definition 13 The transition kernel of A is given through
v:HXxPxS—S (,0,2),B) = Py {A(e,0,2,-) € B} .

The joint transition kernel of A is given through

N
I Hx PN x SN — SN ((a,0n, 2n)), Br x ... x By) = [[ Pa {A(c, 0, 20, ) € By},

n=1

that is, T'(c, Oin1, 2(n)) = QN (e, Oy ).

11
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Remark 14 As will be shown below, for every (o, 0) € H x P, the distribution of the process
£ = (g(t))teNO generated by A(c, 0, -,-) is uniquely defined by the transition kernel (o, 0,-) :
S — S and the initial distribution Pys. This is the probabilistic generalization of the fact
that the trajectory of a deterministic algorithm is uniquely defined by the initialization and
its update-step.

Example 15 (i) The transition kernel of stochastic gradient descent from Ezample
is given by:

Py {A(O[,G,ZL‘, ) € B} = u{l,.“,m} {I‘ - QZ]I{Z}()VfZ(JJ,G) € B} :

i=1
Basically, this is the transition kernel used by Bianchi et al.| (2022), and our definition

is a direct generalization of it.

(i) The transition kernel is a direct generalization of the usual algorithmic update: Con-
sider a deterministic algorithm. Then, it holds vy(«, 8, x) = O A(a,0,0), and we get:

Pe {A(a> 0, ZC) S B} = 5.»4(04,0,3:)[8] = llB(-A(O‘7 0, x)) :

Thus, integrating w.r.t. v just yields the new iterate. Taking this approach, we recover
the average-case setting of Pedregosa and Scieur| (2020); Scieur and Pedregosd| (2020).

Lemma 16 Suppose that A satisfies Assumption [11. Then the transition kernel v is a
probability kernel from H x P x S to S, and the joint transition kernel I' is a probability
kernel from H x PN x SN to SN.

Proof By definition, it holds that:
v((e,0,2),B) = (IP’%J o Ala, 6, x, -)_1) {B}.

Thus, since A : H x P x S x R — S is measurable, and Py can be seen as the constant
kernel from H x P x S — R, we get from Kallenberg| (2021, Lemma 3.2 (ii), p.56) that -
is a probability kernel from H x P x S to S. Hence, by definition of T', if (c, Oy, zn)) is
given, we also get that I'(a, 0[N, T[n) is a measure on SN . Therefore, it remains to show
measurability of T'(-,A) for fixed A € B(S)®N. We do this by a monotone-class argument.
For this, define the classes of sets:

D .= {A € B(S)®N : (Oz, Q[N],x[m) — F(Q,G[N], :E[N},A) is measurable}
C:={A"x ... x AN . A" AK c B(S)}.

C is the class of cylinder sets, which, by definition, is a N-stable generator of the product-o-
field. Thus, C is a m-system with o(C) = B(S)®". Furthermore, for any By x ... x By € C,
it holds that:

N
T ((ev, On, zpvy), B X oo x Bi) = [ (s Oy 20, Ba) -

n=1

12
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Since v is a probability kernel, that is, measurable for fixed («,6,,x,), it follows that
C C D. Thus, it remains to show that D is a A-system. Clearly, it holds that SY € C c D.
Thus, take A,B € D with A D B. Then, since I (a, O[N],x[m) was already shown to be a
probability measure for each fixed («, Onys | N}), we have the following pointwise equality:

T ((a,H[N},x[N]),A\ B) =T ((Oz, G[N]w%'[N]),A) -T ((a,G[N],m[N]), B) .

Therefore, since A,B € D, we have that the right-hand side is measurable, which in turn
implies A \ B € D. Finally, for Aj, Ag,... € D with A, T A, by continuity of a measure, we
have the pointwise equality:

T ((a, 0y, 8)), A) = Jim T (o, Oiny, z(n))s An) -
Since limits of measurable functions are measurable, it follows that A € D. Therefore, D
is a A-system, and Theorem [§] yields B(S)®" c D. Thus, I is a probability kernel from
H x PN x SN to SN, u

Given a starting point £(9), we can compute the t-th iterate £) by applying the algorithm A
t-times recursively to £(). Similarly, given an initial distribution P, we get the distribution
of £® by applying the transition kernel v t-times recursively to P s

Definition 17 The transition semi-group (v')en, is defined recursively by:
(a,0,2) =6, ~'(a,0,2):=~"a,0,2) y(a,0,-), teN.
Similarly, the joint transition semi-group is defined by:
FO(Q,Q[N},LB[N]) 1= Oy Ft(a,G[N],x[N]) = Ft_l(oz,G[N],x[N}) T(a,O1np57), teEN.

Remark 18 (i) 7' models the t-fold application of the algorithm: applying ' to the
distribution of £10) yields the distribution of €0t Thus, the resulting process is
time-homogeneous. Nevertheless, one can still model algorithms that have a param-
eter TW , which itself models the progression of time, as, for example, in Nesterov’s
accelerated gradient descent (Nesterou, |1985). The prerequisite for this is that the
update of this time-parameter can be written in closed-form, that is, T4t = f(T(t))
for some measurable function f, such that T can be included into the state £®.

(ii) For every (a,0) € H x P, the process & generated by A(w, 0, -, ) is a time-homogeneous
Markov process (w.r.t. the natural filtration generated by the iterates) with initial

distribution P 4 and transition semi-group (’yt(a, 0, )) This can be seen by noting

teNg ”
that, if a and 0 are fixed, the equation

D = A(a, 0,0 D)

corresponds to the so-called functional representation of a Markov process.

13
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Through this recursive definition, and as is shown in Lemma [45|in the appendix, we have
that the factorization of I' extends to the joint transition semi-group (I’t) teNy’ which will
ultimately result in a corresponding factorization of the joint distribution of the processes
&1, ..., &N corresponding to the parameters 61, ...,0n. By [Klenke (2013, Corollary 14.44,
p.299), for every o € H and 6 € P there exist a unique probability measure 9,9 on SNo
such that for any natural numbers 0 = tg < t; < ... < tg, it holds that:

K-1

1%,9 © %J_l = P«f & ® 7tk+1_tk (aa 67 ) ’ (2)
k=0

where J := {to,...,tx} and 2 : SN0 — SK+1 denotes the corresponding coordinate pro-
jection. This means that the finite-dimensional distribution of v, ¢ corresponding to the
time-points to, ...,¢x is given by the distribution of the iterates (¢£(0), ..., ¢t )) generated
by A(a,0,-,-) (with initial distribution P,). Since the distribution of a stochastic pro-
cess is uniquely determined by its finite-dimensional distributions (Kallenberg), 2021} Prop.
4.2, p.84), this implies that, for every («,0) € H x P, there is exactly one distribution
on the space of trajectories SN0, namely a0, that describes the iterates corresponding to
A(a,8,-,-). Similarly, there exists a unique probability measure a0y OD (SN )NO, such
that:

]
K-1

Yooz © ‘%J,_[JIV] =PV @ ® IR NN IDE (3)
k=0

where 27 (N : (SN )NO — (SN )K+1 denotes the corresponding coordinate projections on
(SN)NO. As before, \I/ayg[N]
bution of the trajectory of {n) = (§1,...,&n) in SN which is generated by the collection
(A, 01,-,+),...,; A, 0N, +,-)). Intuitively, and as will be shown later on, this is (up to
reordering) the same as considering N individual processes &1, ...,&n on S generated by
A(a,-,-,-) on the problem instances 61, ...,0n. First, however, we show that both ¢, ¢ and
U, 0,5 Can be “summarized” into a unique kernel:

is the unique measure on (SN )NO that describes the distri-

[N]
Theorem 19 Suppose that Assumptions[9 and[11] hold. Then, the map

W (H x P) x B(S)*™ = [0,1], ((o,0),B) = ¢a0(B)
is the unique probability kernel from H x P to SNo, such that holds. Similarly, the map

U (H x PV)x B(SM)™ = 10,1), (. 6n)) B) = Ta gy, (B)

L
is the unique probability kernel from H x PN to (SN)NO, such that holds.
Proof By construction, we have that 1(«,#6,-) is a probability measure on SNo for each

(a,0) € H x P. Thus, we only have to show the measurability. Again, this follows by a
monotone-class argument. A detailed proof is given in Appendix [B} |

14
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Py -+'(a,6,)) Py ® Qg v (a6, ) (o, 0)

\ Q 0

wg,

Py -T'(a, 0, ) P, QK F/AH (e, Oy
®u1 [N] n] k=

&%

| @ | D

Figure 3: Visualization of the (joint) transition kernel: The upper row shows how the kernel
v(a, 8,-) acts on the initial distribution: The iterative concatenation (upper left)
transforms the initial distribution of £(®) on S (dark blue) into the distributions
of £#) (light blue), £#2) (purple), £3) (pink), and £*4) (light pink). Similarly,
the iterative product (upper middle) transforms the initial distribution on S into
a distribution on S°, namely the joint distribution of (£(0), &) £(ta)) Then,
this yields the unique distribution 1(a,6,-) on SNo (upper right) for the whole
trajectory (orange lines). The lower row shows the same thing on the space SV,
just that the initial distribution now is given by ®g:1 P » and the corresponding
kernel is T'(v, O, -), which acts on all problem instances 1, ...,0 at once.

Remark 20 Assumption[11]is needed for measurability, while Assumptions[9 is needed for
the existence of V0 and \Ilmg[N]

Theorem states that the distribution of the trajectory on SN0 depends measurably on
the parameters of the problem and the hyperparameters of the algorithm. This allows to
define a new probability space, which describes these three directly. Before doing this,
the next lemma states that the factorization of I' actually extends to a factorization of
U, that is, the resulting processes ({1, ...,&n) are conditionally independent. Here, for
a lack of a better notation, we will also write cylinder sets A € B (SN )®N0 with their
corresponding coordinates A = Ay X ... X Ay, where each A; € B (SNO). This is justified

15
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by the fact that (SN)NO = (SNO)N and B(SN)®N0 ~ B(SNO)‘@N. Further, B(sN)@NO i
generated by cylinder sets of the form (B(l) X ... X B?V) X ... X (Bf X ... X Bﬁ) X [Thsr S,

while B (S’NO)®N is generated by cylinder sets of the form (B(l) x ... x BI x [Lisx S) X o X
(B(]]V X ... X B% X [isk S), which are just a reordering of each other.

Lemma 21 Suppose that Assumptions @ cmd hold. Then, for any (a, G[N}) e H x PN,
and any set A1 X ... X Ay € B (SN)®NO, we have the following factorization:

N
U(, Oy, Ar X x Ay) = [ (e, 0n,An) .
i=1

Thus, it holds that:

Proof V(a,0|y)) is uniquely defined by its values on a N-stable generator of B (SN )®NO.

As stated above, such a generator is given by cylinder sets of the form:

(BY x ... x BY) x... x (Bf x ... x BY) x H SN
—_— k> K

=:C0 =:CK
Thus, denoting J := {0, ..., K}, we get:

\I/(Oé,e[N],Al X ... X AN) = \I/aﬂ[N] {Al X ... X AN}
K-1

= (qzaﬁw 0 %J[N) {CO"x..xCF} = (P@N ® Q) T(a, O, .)> {C¥x ... x CK}

K-1

= /SN PN (d ) (%m ® ®F(a,9[N],-)> {COx...xCK}.
k=0

By Lemma [45] this is the same as:

N K-1
:/SN]P@N(CZ:L‘[N] H(mn®®7a9n,->{80 .xBf}.

=1 0

By Fubini’s theorem, this is the same as:

N
_H/Pj (day) (5%@@ aen,.>{ng...><Bff}
S

i=1

K-1
H (]P’y@ ®fy(a,9n,-)> {BY x ...x BX}

i=1 k=0

N N
=TT (Was, 0 27 ){ng...xB,’f}:Hzpaﬁn{ng...xB,{fx HS}
=1

k>K

=2

.
—
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Since B x ... x BE x [T, ;¢ S is the n-th “coordinate” of the set C® x ... x C& x [T, . SV,
this shows that all finite-dimensional marginals of ¥(«, f) coincide with the corresponding
ones of ®Y_,4(a,0,). Thus, by the Kolmogorov Extension Theorem (Klenke| [2013, Thm.
14.36, p.295) (uniqueness of the projective limit), we get that

(o, Ony) ®¢Oz9

that is, up to reordering, ¥(«,f|y)) is just the product of ¢ (c, 0,), n =1,..., N. [ |

Figure [3] visualizes these two constructions: The left column shows how the initial distribu-
tions P, (upper row) and IF’® (lower row) are transformed by the transition semi—group
(7t) teNy and (Ft) teNy? respectlvely This gives the distribution of the iterates £®0), ..., ¢0tx) ¢
S and f[(]t\(,)] . ,§ (tK ) e SN respectively. Then, the middle column shows the corresponding
joint dlstrlbutlons of (o) . eltr)y e §K+1 and (¢ ]t\(;]),. ,5[ ) € (SN)K+1. Finally, the
right column visualizes ¢ and ¥ on SN0 and (SN )N , respectively.

Remark 22 Based on Lemma to simplify the argument, we can (and often will) iden-
tify the measure W(a, 0y)) on (SN)N with the measure ® _1Y(,0,) o (SNO)N, and

correspondingly ((SN)NO ,B (SN)®NO> with ((SNO) , B (SNO) )

4.2 Definition of the Probability Space

In the following, we will only be interested in the distribution of the trajectory on SN or

(SN )NO ~ (SNO)N respectively, and how they evolve with a and 6. Hence, we define the
measurable space (2, .A) as:

Q:=Hx P x (sM)" A:=B(9),
and endow it with the probability measure P, given by:
P (ij(@ﬁ”%]v) Q.
Further, as before, we denote the coordinate projections by 2" := (', Z|n),§[n)), that is,
iid
I~ Py, Py, PN ~ Py, and §[N} = (&1, &N) ~ (P ®P%N) -,

Remark 23 Since we define P through the probability kernel W, it is assumed implicitly
that Assumptions[9 and[I1] do hold all the time, as they were needed for its construction.

The following lemma summarizes results about regular versions of the conditional distribu-
tions arising from the construction above. Additionally, it is also meant to fix the notation.

Lemma 24 It holds that:

(i) V is a regular version of the conditional distribution of &, given S and Py, that
18:
]Pf[N]‘fyf,,@[N]{A} = lIl(i%7 ’@[N]v A), P(,?f’,,@[z\;])_a‘s'
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(it) Py @V is a regular version of the conditional distribution of (Z|n1,&n)), given A,
that is:

(iii) 1 is a regular version of the conditional distribution of &,, given F and Py, that is:
]P)Enljfagn{A} = @b(%, L@n, A), P(%’gn)—a.s.

(iv) Py 1) is a reqular version of the conditional distribution of (Pn,&n), given A, that
is, Py —a.s.:

P, e w{At = (Po, @ (I, ) {A} = (Prpr @ (I, ) {A} = P o) 1A}

Proof Basically, these statements are a direct consequence of the definition of the proba-
bility space and the properties of 1) and . For more details, see Appendix [C| |

Remark 25 (i) In the following, we will use solely these reqular versions of the condi-
tional distributions and omit the “a.s.”.

(ii) Other regular conditional distributions, for example, a regular version of the condi-
tional distribution of (Pn,&n), given H and Py, that is, P, ¢.)x,2,, follow from
the ones specified in Lemma[2]) through sections:

P2, e)#=a,2,=01A} = Pe, | p=a,2,—91P0}
where Ag :={z € SN0 : (9,2) € A}.

(iii) Since X = (I, P|n),§[n)) is defined as the coordinate projections on Q, we will use
the expressions for the reqular version of the conditional probability and conditional
distribution interchangeably depending on which seems to be more easy to read:

P, e t=a,2,—0A A} = P{UPn, ) EA | H = a, P, = 0}
=P{(Pn, &) €A | H, Py} (w).

Similarly for expected values.

Corollary 26 Given any (a,0y)) € H X PN | the processes §ivy = (&1, -, €N) are indepen-

dent, and &; is independent of 0; for i # j. That is, for any set Ay X ... x Ay € (SNO)N it
holds that:

N
P{{n €A X . X Ay | H =0, P =03} = [ [Pl €An | # =0, P, =0},

i=1
that is, P° =®n_ P
» TN, P Ny T DIn=1"&nlH,Pn -

18
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Proof This follows directly from Lemma [21} and Lemma |

Corollary 27 Let fi1,..., fn : SN0 — Rsq be measurable functions. Then it holds that:

n=1 n=1

Proof By Lemma [24] it holds that:

N N
E {Z fal&n) | 2, g’[N]} - /SN an(zn) (A, PNy, d2 )
n=1 0)N

_ Z / o WA, P, dzi)

By Lemma |21] and Fubini’s theorem, this is the same as:

- Z fn 2n) (A, P, dzy) - 1;1[1 . YA, Py, dz;)

=1

N
- Z Falzn) (A, Prydzn) =Y BAful&n) | A, Pu} .
n=1

where the last step follows from applying Lemma [24] again. |

4.3 Stopping the Algorithm

Ultimately, the algorithm is stopped at some point. Typically, this is the case as soon
as some convergence criterion is met. Here, the set of points s € S where A satisfies
the convergence criterion can be represented as a subset Ccs. However, since we are
considering parametric loss functions, we also have to use a parametric set C C P x S

Definition 28 The convergence set C C P x S is defined as:
C:={(0,s) € P xS : s satisfies the convergence criterion for {(-,0).}

Since the convergence set is defined in terms of a not further specified convergence criterion,
we need the following assumption:

Assumption 29 The convergence set C is measurable.

Example 30 (i) One could use C := {(0,s) € P xS : {(s,0) < e} for convergence in
terms of the loss function, which is measurable, since £ is measurable.
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Trajectories and the convergence set C

Distribution of Stopping Time 7

300 7=
21 250 41 =
14 200 A
04 150
~1 100 71
-2 50 - ‘
L= L L] T i,
-3 -2 -1 0 1 2 3 50 100 150 200
T=t
Figure 4: Visualization of the stopping time 7: In the left plot, the convergence set for each

problem is shown as shaded region. As soon as a trajectory enters this region (red
crosses), the algorithm is stopped. This yields the distribution of 7 depending on
the parameter 6, as shown in the right plot.

(it) If £(s,0) has a unique minimizer s;, convergence in terms of the iterates could be
written as C := {(0,s) € P x S d(s,sp) < e}. If 0 — s; is measurable, C is
measurable, because the distance d is continuous.

(11i) One could use C:= {(0,s) € PxS : ||[Vsl(s,0)| < e} for convergence to a stationary
point. For example, if Vsl is (jointly) continuous, C is measurable.

Usually, the algorithm A is stopped either if it is converged, that is, (Z,¢ (t)) € C for some
t € Ny, or, if the maximal computational budget is reached, that is, for example, a certain
number of iterations has been performed. Hence, we introduce the following random times
Tmax ‘= tmax € N and Teonyn := inf{t € Ny (3%,57(?) € C},n=1,..,N. Then, we
combine them into the random times 7,:

n=1,..,N.

Tn ‘= Tmax N\ Tconv,n = mln{Tmax, 7—conv,n}a

The following lemma shows that the random times 7,, are indeed stopping times (sometimes

also called optional times) in the sense of probability theory, that is, {7, < t} € fr(f) for
each t € Ng, n =1,..., N. Intuitively, this tells us that, at time ¢, the information collected
in ]-',(Lt) is indeed enough to decide whether the algorithm did reach the convergence set:

Proposition 31 Suppose that Assumption holds. Then, for eachn € {1,...,N}, 1, is a
stopping time w.r.t. the filtration F, = (f,gt))teNO, where ]_.7(;5) = a(,@n,ﬁrgo), ...,g,(f)).
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Proof If Tax and Teony,n are Fp-optional, so is 7, by Kallenberg| (2021, Lemma 9.1 (i),
p.186). Since Tyayx is constant, it is F,-optional by Kallenberg| (2021}, Lemma 9.1 (v), p.186).
Hence, we only have to show that 7conyn is Fp-optional. By definition, it holds that 7cony n
is a so-called hitting time for the process %, = (%(t))teNO given by Z’/n(t) = (L, §7(f)), that
is, it is of the form

Teonv,n = inf {t eNo : #V e C} .

Then, by Kallenberg (2021, Lemma 9.6 (i)), Tconv,n is weakly F-optional for every filtration
F such that %, is adapted to F. In particular, this holds for F,,, because:

FO = 0(Pn, €0, ... €9) = 0(( P, €0), ooy (2, €9)) = (0, ..., D) .

Since in discrete time there is no distinction between weakly optional times and optional
times, the conclusion follows. |

5 Generalization Results

In this section, we use the previously constructed probability space to derive the generaliza-
tion results. To this end, in Theorem [33] we give a PAC-Bayesian generalization result for
the case of a bounded parametric function defined on the space of trajectories SNo. Then,
in Corollary [35] we specialize it to the case of the convergence time, and in Corollary [3§] to
the case of the convergence rate. Both results are immediate consequences of Theorem

Lemma 32 Let f: P x SN0 — [0,00) be a measurable function that is bounded from above
by fmax € R. Then, for every A € R it holds that:

N 2
E {eXP <)\ (;7 D E{f(Pnln) | A P}y —Ep e {f}> - 2)\7N r%lax)} <1

n=1

Proof This follows from standard arguments like Jensen’s inequality, Fubini’s theorem,
Hoeffding’s inequality, and the i.i.d. assumption. A detailed proof is given in Appendix[D] B

For the following result, please recall that a — E(p ¢ w=alf} = (P2 @¢(a,-))[f] is a
measurable function on H, that is, it can be integrated w.r.t. an arbitrary (probability)
measure p € M(H). Furthermore, note that, by projecting from SN° onto the corresponding
coordinate, this result can be applied to single, fixed iterates, too.

Theorem 33 Let f : P x SN0 — [0,00) be a measurable function that is bounded from
above by fmax € R. Then, for every X € (0,00) and € > 0 it holds that:

Po {¥0 € P (Bor) + p [Ewepn {1}] <

N A2 (2
1 DKL(p H P%) + 7fmax - log(E)
¥ 2P E@.eoie, AF}] + 2 b>1-e
n=1
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Proof Abbreviate f := E(2¢)#{f} and f= %Zﬁ;l E(2,.¢.)¢,2, {f}. Then, since
Lemma [32] holds for any A € R, we get that:

. A2
E(y,,2) {exp (A (F-F)- 2% i) } <1.

By Fubini’s theorem applied to P P ) = P@[N] ® Py, the variational formulation of
Donsker-Varadhan, and the linearity of the integral, this is the same as:

_ N 22
Eg A — -D Py) — —f2 <1.
Pin) {exp (p;)l(lﬂlgf) (p[f] p[f]) kL | Por) = 5 max>} <

Then, for any s € R we get from Markov’s inequality:

— A~ )\2
Py, { sup A <P[f] - P[f]) — Dxr(p || Por) — oN ﬁlax > S} < exp(—s).
PEP(P )
Using s = log(1/¢) yields:
— N )\2 1
Py sup A plfl—0plf]) - D P _ix210g<) <e.
2 {pEP(P%) (p[ | =nl ]) kL(p || o) o Jma 6

Restricting to A > 0, reformulating, and taking the complementary event yields the result. Bl

Remark 34 Under some mild assumptions, by a covering argument, the provided bound
could also be made uniform in .

5.1 Guarantees for the Convergence Time

Please recall the definition of 7, = Tconv,n A Tmax. Then, note that Tconv,n can be written as
70 (P, &n), where 7 : P x SN0 — Ng U {400} is given by:

(0, (z)ieny) > inf{k € No + (0,2) € C} = inf k- (1+1c(6,2M)),
€No
where 1c (8, 2(%)) = 0, if (§, 2)) € C, and +o0 otherwise. Since C is measurable by Assump-
tion and ¢ only takes the values {0, +oc}, the map (6, (z®))en) — k- (1 + 1c(8, 2))

is measurable. Thus, 7 is measurable as infimum of countably many measurable functions.
Therefore, the map T : P x SN0 — Ny, defined through

T(ea (z(t))tGNo) = tmax A 7:(9’ (Z(t))tENo) )

is measurable and bounded by tpax, and we can write 7, as T o (£, &,). Hence, defining
the average expected convergence time as 7 := E(» ¢) » {1}, we get the following result:

Corollary 35 Suppose that Assumption holds. Then, for every \ € (0,00) and € > 0 it
holds that:

Py, {vp eP(Py) :

N A2 2
_ 1 DKL(p ” ]ijf) + thax - 1Og(€)
p[T]éNn§:1p[E{Tn|ff,%}]+ \ b>1-e.

22



MARKOVIAN LEARNING-TO-0PTIMIZE

Proof Since T is bounded by tax, one can apply Theoremwith f =T and finax = tmax,
which, by noting that E {7, | 7, #,} = E(», ¢.).#,2,1T}, directly yields the result. H

5.2 Guarantees for the Convergence Rate

The convergence rate of an algorithm is determined by how it contracts a certain criterion
along the iterates, for example, the loss function (convergence rate in terms of function
values) or the distance to the set of minimizers (convergence in terms of the iterates). For
this, we need a corresponding function on the space of sequences:

Definition 36 The contraction function is defined as:

0(x,0)

: P R 0
c xS xS —Rso, ( ,x,y)r—>€(y79)

- 1{0(y,0) > 0}.

Abbreviate T := T(0, (2()),en). Then, the rate function is defined as:
riPx SN SR, (0, (20)en,) = (0,27, 2ONT  1{T > 1},

and the expected rate function is defined as 7 := E(p ¢)» {r}. Similarly, for some rmax €
R>o, we define the bounded rate function and expected bounded rate function as 7, :=

re{r < rmax}, and 7o = E(p g))2 {1}

Remark 37 Note that, in contrast to defining the rate function in terms of the mazimum
over the iterations, this definition is applicable in the stochastic case, too.

Since /¢ is measurable, we have that ¢ is measurable. Further, since 7' is measurable (if C
is) and only takes countably many values, we get that 2(T) is measurable. Therefore, also
r is measurable. Hence, r, is measurable and bounded, and we get the following result:

Corollary 38 Suppose that Assumption holds. Then, for every X € (0,00) and € > 0 it
holds that:

{VpGP(

)
N A2 92
Dxr(p || Por) + $57max — log(e)
Z [E(2, ) .2, {T5}] + ;N a } >1—¢.

Proof Again, this follows directly from Theorem @ with f =17, and fiiax = Tmax- |

5.3 Properties of the Trajectory

The last theoretical result concerns the probability to observe a trajectory that obeys a
certain property, for example, to converge with at least a rate of r < ryax. Such properties
can be encoded in a measurable set A C P x SN0 and we have to consider the function
f = 1a. Since 1, is measurable and bounded, one could directly apply the results from
above. Yet, in this case, one can compute the integral in closed-form and get tighter results:
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Lemma 39 Let A C P x SN0 be measurable. Then, for any A € R, it holds that:

o (3 ) (o (2

Proof By the same arguments as before, we get from Lemma

o (2 S uwmne0) - e o ()]

Then, for any o € H, the inner integral is given by:

A A
E(2.6)#=a {GXP (—N1A> } = P2 ¢)|#=a {A°} + exp (_N> P2 6 #=a {A}
A
=1—P(p ) r=a {A} + exp <_N> Pz ) #=a {A}

A
=1- [1 — exp <_N)] Pz r=a {A}

which concludes the proof. |

The term inside the power is the Laplace transform of a Bernoulli random variable with pa-
rameter P(5 ¢)» {A}. Generalization bounds for Bernoulli-random variables were already
presented, for example, by |Catoni| (2007)), whose approach will be applied in the following.

Lemma 40 (Catoni (2007)) Define the function

1
®a(p) = ——log (1 — [1 —exp(~a)]p) -
Then it holds that:
(i) ®, is an increasing one-to-one mapping of the unit-interval onto itself,

(ii) P, is strictly convex for a > 0 and strictly concave for a <0,

(iii) ®;1 is given by: ®;1(q) := llieexxpip((qu))-

Proof This follows by standard arguments. The details are provided in Appendix |

This yields the following corollary, which is needed to apply the PAC-Bayesian argument:
Corollary 41 Let A C P x SN0 be measurable. Then, for any A € R it holds that:

N
E {exp ()\ !(I)Ji\r (]P)(gz’g)‘_;g) {A}) — ;ZHA(@nafn)]>} =1.

n=1

In particular, it holds that:

N
1
Eop {E% {exp (A [% Pz oy 1A} = 5 DBl 2, {A}D }} =1

n=1
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Proof The first statement follows directly by combining Lemma [39] and Lemma [40] The
second statement then follows from Fubini’s theorem and Jensen’s inequality. More details
are given in Appendix [F] [ |

As before, this yields the following PAC-Bayesian generalization bound. For completeness,
we provide a proof in Appendix [G}

Theorem 42 (Catoni| (2007)) Let A C P x SN0 be measurable. Then, for A € (0,00), it
holds that:

Py, {Vp €EP(Py) : plP2g)n{A}] <

N 1
_ 1 D P,y) + log (X
o) <N Y 0[P, ez, (AN + ke ] i\f) — >} =1-e.

N n=1

Remark 43 By a union bound with confidence level 1 — 5, C’orollary Corolla'ry and

Theorem [£3 can be applied at once, because:
P {ANBNC}=1- Py, {A®UB°UC}

>1— (IP{@[N] (A} + By (B} + Py, {CC}> >1—¢.

This tells us that, with confidence level 1 — e, we can estimate the probability to converge
with a rate of at least o, an upper bound on the actual convergence rate, and the expected
convergence time all at once. Generally, however, without adjusting the confidence level ¢,
this is false, and one cannot expect that all three bounds do hold at once.

6 Numerical Results

We consider the following five experiments: a strongly convex and smooth quadratic prob-
lem, a convex and smooth image processing problem, the convex and non-smooth LASSO
problem, the non-convex and non-smooth problem of training a neural network, and a
non-convex and non-smooth stochastic empirical risk minimization problem. The training
procedure is mostly the same as the one by Sucker et al.| (2024). The main difference here

is that we replace Lyain(c, 0,60, ) = S5 1{(¢0—1 9) > 0}% by
(e, 6)

gtrain(aﬂgag(t)) = ]l{e(f(t),e) > O}W

e (&.(t)7 0) ;

where C C P x S is the convergence set. Thus, we fix s = 1 and the algorithm “observes” a
loss only as long as it did not reach the convergence set. This effectively solves the problem
mentioned by [Sucker et al.| (2024)) that the algorithm might observe a “full loss” in the case
of convergence.

For completeness, we briefly summarize the training procedure: In the outer loop, we

sample a loss-function randomly from the training set. Then, in the inner loop, we train the
algorithm on this loss-function with #i;,i,, that is, in each iteration the algorithm computes
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a new point and observes the loss ft;ain, Which is used to update its hyperparameters. This
finally yields some hyperparameters «g. Then, starting from «g, we construct the discrete
prior distribution P, over points a1, ..., an,, . € H, by a sampling procedure. Finally,
we perform the (closed-form) PAC-Bayesian optimization step, which yields the posterior
p* € P(Py). In the end, for simplicity, we set the hyperparameters to

o = argmax p*{a;}.

z:17~~~7nsample

In the description below, we use z(!), ¢t € Ny, to denote the iterates of the algorithm in the
optimization space, that is, z(!) = IIg(£®), and, typically, we have z® € R? d € N.

6.1 Quadratics

In this subsection, we consider strongly convex quadratic functions with varying strong con-
vexity, varying smoothness and varying right-hand side, that is, each optimization problem
is of the form:

1
min = [|Az — b||?, AeR¥ peR?.
z€Rd 2

Thus, the parameters are given by § = (A,b) € R¥+d = P_ while the optimization variable
is € R, and we use d = 200. We control the strong-convexity and smoothness of ¢
by sampling them randomly in the intervals [m_,m.],[L_, Ly] C (0,+00), and define the
matrix A;, j = 1,..., N, as a diagonal matriz with entries a{i = Jmj+i- M,
i =1,...,d. While, in principle, this is restrictive, we do not use this knowledge explicitly,
and, later on, achieve a similar performance in the image-processing and LASSO problems,
which both include a non-diagonal quadratic term. Finally, we define the convergence set
as

Cquad :={(0,8) € P x S : £(s,0) < 107% or ||V£(s,0)| < 1075} .

Since the given class of functions is L-smooth and m_-strongly convex, we use heavy-ball
with friction (HBF) (Polyak, 1964) as baseline. Its update is given by z(+1D = z(t) —
BV f(z®) + By (m(t) — {E(t_l)), where the optimal worst-case convergence rate is attained
for p1 = <72 )2 B2 = <7\/H7WT_)2 (Nesterov, |2018). On the other hand, the
VEetyE=/ VE+yi= ’ ’
learned algorithm A performs an update of the form D) = 20 4 3 4O where )
and d®) are predicted by separate blocks of a neural network. For more details on the
architecture we refer to the Appendix [H] The upper plot of Figure [f| shows that the learned
algorithm outperforms HBF by orders of magnitude. The median is shown as dotted line,
while the mean is shown in dashed line. The shaded region indicates the area up to the
quantile ¢ = 0.95, that is, 95% of the test data. We can observe that the mean is not
representative for the typical performance of the algorithm, and is strongly influenced by a
few problem instances for which the learned algorithm does not work as good. In the lower
right plot, the convergence time is shown. We can see that most of the problems reach
the stopping criterion before ty,,x = 500 iterations, and, on average, the learned algorithms
needs less than 300 iterations to solve the problem. Further, the provided PAC-bound yields
a reasonable estimate of the true (average) convergence time. Similarly, the lower left plot
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Loss over Iterations
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Figure 5: Quadratic: The top figure shows the loss over the iterations, where HBF is
shown in blue and the learned algorithm in pink. The mean and median are
shown as dashed and dotted lines, respectively, while the shaded region represents
the test data up to the quantile ¢ = 0.95, that is, 95% of the test data. We can
see from the figure that the learned algorithm reaches the convergence criterion
way faster than HBF. The lower left plot shows the convergence rate of the
learned algorithm. Here, the dashed line represent the empirical mean and the
PAC-bound, respectively, and we can see that the bound is not vacuous, but also
not really tight. Similarly, the lower right figure shows the convergence time
of the learned algorithm. Again, the dashed lines represent the empirical mean
and the corresponding PAC-bound, which, in this case, is reasonably tight.

shows the estimated convergence rate: On average, the learned algorithm contracts the
loss by a factor of less than 0.9 per iteration. However, while the given PAC-bound is not
vacuous, it is also not tight.
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6.2 Image Processing

In this subsection, we consider a (gray-scale) image denoising/deblurring problem with
a smooth approximation to the Li-norm of the image derivative as regularizer, that is,
problems of the form:

d
fgﬂ% %]\Am—b|\2 +A Azl \/(th)gj + (Dwz)?; +e2  AER, A, Dy, D, € R be R’
1,]=
The matrix A describes the “blurring” of the image, while Dy, and D,, are the discrete image
derivatives in h- and w-direction, respectively, which are used to penalize local changes in
the image. We use images of height N}, = 200 and width N,, = |0.75- N} | = 150. Thus, the
dimension d of the optimization space is given by d = 30000. Further, as parameters 6 we
use the observed image and the regularization parameter, that is, § = (b, \) € Rl =: P,
Throughout, we use ¢ = 0.01. For computational efficiency, the matrices A, Dy, D,, are
implemented through the convolution of the image x with a corresponding kernel (with
reflective boundary conditions). Additionally, after blurring an image with A, we add cen-
tered Gaussian noise €; ; with standard deviation o = % to each pixel. The regularization
parameters \; € R, ¢ = 1,..., N, are sampled uniformly from the interval [0.05,0.5]. Finally,
we define the convergence set as

Cimg = {(0,8) € Px S : ||Vi(s,0)| < 107%}.

Since the problem is smooth and convex, yet not strongly convex, the baseline algorithm
is given by the accelerated gradient descent algorithm due to Nesterov| (1983). Its update

) _
is given by first computing yt1) = z(*) 4 /;1(“1)1 ($(t) — x(t_l)) followed by setting z(‘t1) =

1

Yy —BoV f(y*+1)). We use the optimal choices BYH) = % <1 +4/1+ 4(5@)2) and B = %

Here, the smoothness constant L is given by the largest eigenvalue of AT A + %DTD, where

D € R2dxd ig given by “stacking” Dy, and D,,, that is, D = (Dh Dw>T. On the other hand,

the learned algorithm A performs an update of the form z(*t) = z(t) 4 WCZ?) +

|2® — :L'(tfl)Hdgt) — 1v,0(z®,0), where the directions dgt) and d(;) are predicted by a
neural network. For more details on the architecture we refer to Appendix[[} The results of
this experiment are summarized in Figure [} We can see that, on a typical problem from
this distribution, the algorithm clearly outperforms NAG, and reaches the convergence set
in about 500 iterations. However, as the mean (dashed line) strongly deviates from the
remaining 95% of the test problems (shaded area), we observe that the learned algorithm
does not converge for all of the problems. This is also validated by the lower right plot, which
shows the convergence time: For about 10 out of 250 problems (4%), the algorithm does
not reach the convergence set before tyax = 3000. Furthermore, the lower left plot shows,
unfortunately, that the PAC-bound for the convergence rate is vacuous here. This might be
due to the fact that the rate function already yields a value close to rmax. Thus, the PAC-
bound, which has to be greater or equal, will exceed ryax easily. Therefore, we actually
expect this behavior to happen whenever the actual rate is close to rpax. Nevertheless,
with more training data the bound would get more tight, and, additionally, we still have
the guarantee for the convergence time, which is actually quite tight here.

28



MARKOVIAN LEARNING-TO-0PTIMIZE

Loss over Iterations

10" i ! = == [earned
i | NAG
102 \ | =" TNgrain
- !
th o | 4 ‘
o f |
z |
7
W, '
< 1072 A
| |
< 1074 1 l
% |
< 1076 4 I
1078 4 |
T T T ! T T T
0 1000 2000 3000 4000 5000 6000
Nit
Conv. Rate Conv. Time
PAC-bound ! !
= |
30 = suses Pmax 50 4 5
| |
L 1
I 1
25 40 4 &l 1
E 1
bl 1
20 E 1
30 A F 1
E 1
15 - b 1
E 1
20 A WL T
10 4 i |
i |
] 10 by
° [l | | == PAC-bound
f [ eneee tmax
0 T T T T : 0 - = |I - T T T T t
0.80 0.85 0.90 0.95 1.00 0 500 1000 1500 2000 2500 3000
T‘(gvu en) Tn
Figure 6: Image processing: The top figure shows the loss over the iterations, where NAG

is shown in blue and the learned algorithm in pink. The mean and median are
shown as dashed and dotted lines, respectively, while the shaded region represents
the test data up to the quantile ¢ = 0.95, that is, 95% of the test data. The lower
left plot shows the convergence rate of the learned algorithm. The dashed lines
represent the empirical mean and the PAC-bound, and we can see that the bound
is vacuous here. Similarly, the lower right figure shows the convergence time
of the learned algorithm. Again, the dashed lines represent the empirical mean
and the corresponding PAC-bound, which, in this case, is quite tight.
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6.3 LASSO

In this subsection, we consider the Lasso problem (Tibshirani, [1996)), that is, a non-smooth
problem of the form:

1
min —||Az — b3 + A|z]; A€ RP*? beRP,
zeRd 2

with p < d. Hence, the optimization variable is given by = € R? and we use the same
matrix A € RP*? with dimensions d = 70 and p = 35 for all problem instances, where
we sample each entry uniformly in [—0.5,0.5]. Thus, the parameters 6 are given by the
right-hand side and the regularization parameter, that is, § = (b,\) € RP*!l =: P. For
this, the regularization parameter \ is sampled uniformly from [5, 10], while the right-hand
side is sampled from a multivariate normal distribution. Since the problem is convex and
non-smooth, we use the FISTA algorithm (Beck and Teboulle, 2009) as baseline, which
performs an extrapolation step followed by a proximal gradient step, that is, abbreviating
h(z) == 1||Az — b||?> and g(x) := A||z|1, the update is given by first computing y{*) =
z® 4 ﬂ;t) (z® — 2(t=1) followed by setting z(+1) = proxg, (y® — BVA(y®)). Here, the
proximal mapping can be computed in closed-form yielding the soft-thresholding operator
T, = L{|z| > BA} - (a‘ci—ﬁ)\%>, i = 1,...,d. We choose f = 1/L, where L is the

largest eigenvalue of AT A, while ﬂ}t) is set to Bgt) = ( ét) — 1)/6§t+1) with ,Bét“) =1+

1+ 4(6§t))2) /2. Since the problem is non-smooth, the gradient norm cannot be used as
stopping criterion. Thus, we define the convergence set as

Classo 1= {(9, s) € Px S : |[s(s) — proxg, (Ils(s) — BVA(ILs(s))) || < 10_6} )

On the other hand, the learned algorithm A performs an update of the form z(+1) =

proxg, (a?(t) +1 (dgt) — Vh(z®) 4 ||z® — 2D - dgt)>), where dgt) and dg) are predicted
by a neural network. For more details on the architecture we refer to the Appendix [J| The
results are summarized in Figure [/} The upper plot shows that, on a typical example, the
learned algorithm reaches the convergence criterion in about 200 iterations, and outperforms
FISTA be many orders of magnitude. However, since the mean (dashed line) strongly
deviates from the other 95% of the test problems (shaded region), we can observe that
there are single problem instances on which the algorithm does not perform as good. The
two lower plots show the convergence rate and time, respectively, together with the predicted
PAC-bounds. In both cases, they are reasonable tight.

6.4 Training a Neural Network

In this subsection, we consider the problem of training a neural network on a regression
problem, that is, A is trained to predict the parameters 5 € RP of a neural network N(f, -),
which then is used to predict a function ¢ : R — R. Hence, the optimization variable is given
by B € RP. We assume that the neural network should learn a function g : R — R from
noisy observations y; = g(x;) + & with e ~ A/(0,1). For this, we construct polynomials g;,
i=1,...,N, of degree d = 5 by sampling points {mi,j}JKzl (here: K = 50) uniformly in [—2, 2]
and the coefficients (¢, ..., ¢;5) of g; uniformly in [—5,5]. For every function ¢g; : R — R
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Figure 7: LASSO-Problem: The top figure shows the loss over the iterations, where FISTA
is shown in blue and the learned algorithm in pink. The mean and median are
shown as dashed and dotted lines, while the shaded region represents the test
data up to the quantile ¢ = 0.95, that is, 95% of the test data. We can see that,
on a typical problem from this distribution, the learned algorithm reaches the
stopping criterion in less than 200 iterations, and outperforms FISTA by several
orders of magnitude. However, as the mean indicates, there are problem instances
on which also the learned algorithm is rather slow. As the lower left plot shows,
the learned algorithm strongly contracts the loss, on average, by a factor of 0.8
in each iteration. Similarly, the lower right figure shows that, typically, the
learned algorithm reaches the convergence set in about 200 iterations. In both
cases, the predicted PAC-bound is reasonable tight.

the neural network is trained on the data set 0; := {X;, YV} with X; = (2;1,....,zi k) €
RX and Y; = (Yi1s - ViK) € RX. Hence, the data set will serve as the parameter 6
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of the loss function, such that the parameter space P can be identified as the space of
these data sets, that is, P = R¥*2. Since the mean square error is the standard choice
for training models on regression tasks, the loss is given by 4(3,6;) := c¢(N(8, X;),Y;) :=
+ Zﬁ(zl(N(ﬁ,mi,j) — yi;)?, and for N we use a fully-connected two layer neural network
with ReLU-activation functions. To have more features in the input layer, the input z
is transformed into the vector (z,?,...,2°). Hence, the parameters 3 € RP are given by
the weights A; € R%9%% A, € R1¥%0 and biases by € R%, by € R of the two fully-connected
layers. Therefore, the optimization space is of dimension p = (5-50)+ (1-50)+50+1 = 351.
As baseline we use Adam (Kingma and Baj, 2015) as it is implemented in PyTorch (Paszke
et al., 2019), which is a widely used optimization algorithm for training neural networks.
For tuning, we perform a grid search over 100 step-size parameters in [10~%,1072], such
that its performance is best for the given nt;.n = 200 iterations, which yields the value
x = 0.008. Note that, originally, Adam was introduced for stochastic optimization, while
we use it in the “full-batch setting” here, that is, without stochasticity. We define the
convergence set as

Con :={(0,s) e Px S : ||[V{(s,0)| <0.75 and ¢(s,0) < 0.75}.

These numbers are based on the fact that, over 10? iterations, Adam was not able to decrease
the gradient norm below 0.5, and, since we add standard normal noise, the expected loss of
the ground truth takes the value 1.0, that is, a loss below 1.0 can be regarded as overfitting.
The learned algorithm simply performs the update 2+ = z(®) 4 d® where d® is predicted
by a neural network. For more details on the architecture, we refer to the Appendix[K] The
upper plot of Figure[§shows that the learned algorithm clearly outperforms Adam, reaching
the ground-truth loss already after about 25 iterations. At the same time, Adam is not able
to reach it within 400 iterations (on average), as the mean is still above 1.0. The lower left
plot shows that the learned algorithm contracts the loss in each iteration, on average, by a
factor of 0.9, and the lower right plot shows that it typically needs about 100 iterations to
reach the convergence set. However, one can also observe that there is a significant amount
of problems that do not reach the convergence set in 200 iterations, and that do not have
a “fast convergence rate”. These two findings are strongly correlated, because, if the loss
plateaus but does not reach the convergence set, the estimated rate-function deteriorates.
In this case, that is, a non-smooth and non-convex problem, it might be due to the fact that
our definition of the convergence set is somewhat arbitrary. Nevertheless, in both cases, the
provided PAC-bound is reasonably tight.

Remark 44 Another definition that one could use is given by the procedure of early stop-
ping, that is, one stops the algorithm as soon as the validation loss deviates from the training
loss by a certain amount. Through this, one could get a guarantee for how long the network
has to be trained until it starts to overfit to the training data.

6.5 Stochastic Empirical Risk Minimization

Lastly, we consider the problem of stochastic empirical risk minimization. For this, we use
the same problem and setup as in Subsection for training a neural network. However,
this time, in each iteration the algorithm only has access to a randomly selected minibatch
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Figure 8: Training the neural network: The top figure shows the loss over the iterations,

where Adam is shown in blue and the learned algorithm in pink. The mean and
median are shown as dashed and dotted lines, respectively, while the shaded region
represents the test data up to the quantile ¢ = 0.95, that is, 95% of the test data.
As can be seen, the learned algorithm reaches the ground-truth loss after about
25 iterations, and clearly outperforms Adam. The lower left plot shows the
convergence rate of the learned algorithm, and we can see that it varies strongly.
This is due to the fact that the loss plateaus quickly, but does not necessarily
reach the convergence set, which can also be observed in the lower right figure,
as there are about 70 problem instances, where the learned algorithm does not
reach the convergence criterion in the given 200 iterations. However, on average,
the learned algorithm reaches the convergence set in about 100 iterations.

(of size m = 5) instead of the full-batch setting considered before. Therefore, we have to

deal with

a stochastic, non-convex, and non-smooth optimization problem. Since we cannot
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access the full gradient anymore, we define the convergence set as
Cstoch = {(9,8) ePxS : 6(8,9) < 075} .

As before, the value 0.75 is chosen due to our construction of the data set. As baseline, Adam
is used again, where we perform a grid-search over 100 step-sizes in the interval [1076, 107!]
in such a way that its average performance is best after niaim = 2500 iterations, which
yields the value of x = 5-1073. Here, the (empirical) average is taken over 25 problem
instances, where we perform 10 runs per problem instance. As learned algorithm, we use
a “preconditioned” version of Adam, that is, we add additional, learned parameters to
enhance its performance. More details about the architecture are given in the Appendix [[J
The upper plot of Figure [0 shows the empirical risk over the iterations, where we have
performed one run per problem. The plot shows that the learned algorithm still outperforms
Adam, yet, not as clearly as in the full-batch case. The lower right plot shows that, on
average, the learned algorithm reaches the convergence set in about 1000 iterations, and
we can see that the provided PAC-bound is reasonably tight. Here, the median shows that
more than 50% of the problems actually need less than 500 iterations, while the median
of Adam (in the upper plot) indicates that the median convergence time for Adam is at
about 2000 iterations. Thus, on a majority of instances, the learned algorithm needs way
less iterations to reach the convergence set. On the other hand, however, the lower left
plot shows that the provided bound for the convergence rate is vacuous. This again can
be attributed to the fact that the algorithm has to perform many iterations to reach the
convergence set, which in turn yields a value (for the convergence rate) close to 1.0, which
then gives a vacuous PAC-bound.

7 Conclusion

The goal of this paper was to model optimization algorithms in learning-to-optimize more
faithfully, so that it is possible to give generalization guarantees for (nearly) any kind
of statistics that one wants to have for such an algorithm. In particular, this involves
convergence rates and stopping times of the algorithm, which both depend on the trajectory
of the algorithm instead of single iterates. Therefore, we introduced a probabilistic model
for the distribution of the trajectory of an abstract, iterative optimization algorithm. Based
on this model, we then provided generalization bounds for the convergence rate and the
convergence time of the learned algorithm. However, both results are non-asymptotic: The
stopping time has to be finite and the provided rate function is only an approximation to
a “true” convergence rate, which, by construction of the algorithm, would be valid for any
iterate. While the provided framework does, theoretically, allow for non-asymptotic results
as it allows accessing the whole trajectory of the algorithm, they might not be within reach
for practical generalization results, simply because of the fact that asymptotic events are
inherently non-observable.
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Loss over Iterations
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Figure 9: Stochastic empirical risk minimization: The top figure shows the loss (emp. risk)
over the iterations, where Adam is shown in blue and the learned algorithm in
pink. The mean and median are shown as dashed and dotted lines, respectively,
while the shaded region represents the test data up to the quantile ¢ = 0.95,
that is, 95% of the test data. Here, the learned algorithm reaches the ground-
truth faster than Adam, an its performance varies way less. The lower left
plot shows the convergence rate of the learned algorithm and we can see that,
unfortunately, the provided PAC-bound is vacuous. This is due to the fact that
the loss plateaus quickly, while the algorithm still needs many iterations to reach
the convergence set. However, the lower right figure shows that, on average,
the learned algorithm reaches the convergence set in about 1000 iterations and
the PAC-bound provides a good estimate for this.
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Appendix A. Extension of Factorization to Joint Semi-Group

Lemma 45 For every (o, 0n), 7n)) € H X PNx SN KeN, tg<t; <..<tg €Ny, and
any set (BY® x ... x BYY) x ... x (BﬁK X ... X B'}{f) with B;’“ € B(S), it holds that:

K-1
<5:C[N] ® ® L% (o, Gy, )) {(Bﬁo X .. X BRY) x .. x <Bt1K X ... X B?{f)}
k=0
N K1
-1 (‘5% & @1 (a0 ->) (B9 . B
n=1 k=0

Proof Inserting B* = § if necessary, w.l.o.g. we can restrict to the case ¢; = k, that is,
ty+1 —tx = 1. Then, we prove the result by induction. Thus, first, consider the case K = 1:

(6r ® (0,03, )) { (B x .. x BR) x (B x .. x BY)}

= Oapy) _]lB(l)X...XB(I)VF(aae[N]v Bl x ... x B}V)] .

By the factorization of I' and Fubini’s theorem this can be written as:

N
H 8z @ Y(a, 0, ) {BY x BL}) .

Thus, let the statement be true for K € N and consider the case K + 1. Since we have the
recursive definition ®sz_01 Lo, Oy, ) = (®k o (o, Opny, )) ® (e, 0y, -), the statement
follows directly from the factorization of I', the induction hypothesis, and Fubini’s theorem:

K
((590[N] ®®P(Oé79[]v},-)> {(B(lJ X ... X B(])V) X ... X (B{Cﬁ-l % % B§+1>}

N
= <5x ® F Oé H[N]’)> [H ILB%X...XB{f’Y(O‘>9[N}7'a B7If+1)]

n=1

,_.

F a G[N],)> []IB?X...XBJIS,F(O“Q[N]?'7B{<+1 X ... X Bﬁ—"_l)]

’Y(O‘a O, )> []IBQX...XBHKV(OQ G[N]a ) B?’IL(J’_I)]

3
Il
—_

I
— =
/N
(=%
§
®

v(a, en,.)> {BY x ... x BETY .
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Appendix B. Proof of Theorem

Proof By construction, we have that 1 (c,6,-) is a probability measure on SN for each
(a,0) € H x P. Therefore, we only have to show measurability. Again, we do this by a
monotone-class argument. For this, define the following two classes of sets:

D:={Ac B(S™) : (a,0) > ae(A) is measurable}

Co={A"x . xANx J[ S : KeNy, A" . AN eB(9)}.
k>K

The first step of the proof is to show that C C D:

0 ((a,@),AO X ... x A x H S> = Yoy {AO X ... x AK x H S}

k>K k>K
K-1
= <1/1a,9 o 35{61}(}) {A° x ... x AR} = (IP{;» ® ® v (e, 6, )) {AY x ... x AKY
k=0

K1
— (IP’j ® X) ’y(a,@,-)) {A? x ... x AKY

k=0

Since 7 is a probability kernel from H x P x S to S, by [Kallenberg| (2021, Lemma 3.3
(i), p.58) it holds that P, ® @14 7(a,6,-) is a probability kernel from H x P to SK+1.
Thus, the map (a,0) — Py ® ®§:_01 v(a, 8,-) is measurable. Therefore, the map (a, 0) —
) ((a, 0),A% x ... x AK x [Lisx S) is measurable. Hence, we get that

CcD.

Further, since C is the class of cylinder sets, it is clearly N-stable, that is, it is a m-system.
The second step of the proof is to show that D is a A-system. Since SN € C C D, we
have SNo € D. Hence, take A,B € D with A O B. By definition of D, we have that both
(0, 8) = 1q9(A) and (a,0) — 14,0(B) are measurable. However, this implies that the map
(o, 0) = Yo o(A\ B) = 1a0(A) — 1q0(B) is measurable, where the (point-wise) equality
follows from 1, ¢ being a probability measure for each («,0) € H x P. Therefore, we have
that A\ B € D, and D is closed under proper differences. Finally, take A, Ag, ... € D with
Ay, T A. Then, since 9,4 is a measure for each (o, ) € H x P, we have the equality:

1/)(057 6’7 A) = ¢Q,Q(A) = nh—{go 7/1a,9(An) = nh_{I;O 1/)(047 97 An) .

By definition of D, we have that («,0) — 1 (a, 0, A,,) is measurable for each n € N. Thus,
the map (a,0) — ¥(a,0,A) is the pointwise limit of measurable functions, and therefore
measurable itself. Hence, we have A € D, such that D is a A-system. Then, by Theorem [§|
we get that

o(C)CD.

However, since C is the class of cylinder sets, which, by definition, is a N-stable generator of
the product o-algebra on SN0, we have that ¢(C) = B(S™0). Thus, the map (o, 0) — Ya,0(A)
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is measurable for each A € B(S™Y0). It follows that 1 is a probability kernel from H x P to
SNo_ Since a0 is unique, also ¢ : H x P — SNo is unique. This concludes the proof for ),
and the statement for W follows by the same argument. |

Appendix C. Proof of Lemma
Proof

(i) We have to show that for any B € B (SN)®NO and A € B (H x PV) it holds that:
B, 25) {1AY (- B)} = Plr o 60) {A X BY
Since P, PNy = P (coordinate projections), this holds by construction of P.
(ii) Since Py, g = P @ Py =P ® PN | this follows directly from (i).
(iii) We have to show that for any B € B(S)®™ and A € B(H x P) it holds that:

Ece,2,) {1a¥(,B)} = Py 2, 6,) 1A x B} .

Since B(H x P) is generated by the cylinder sets, it suffices to consider A of the form
A = C x D. Here, one gets:

Eor {Lexo0(, B} = [ Porlda) Le(@) [ P, (d8) 1o(60)(a6,.B).
H
By inserting 1 = Hi\;n 1p(6;)y (a, 0;, SNO) and using Lemma this is the same as:

]P’{%”GC, PNy EP X ... xDx...xP, §[N}€SN°><...><B><...><SNO}
=P{#ecC, £,€D, ¢ €B}.

(iv) Since Py 2,) =P @ Py, = Py @ Py, this follows directly from (iii).

Appendix D. Proof of Lemma
Proof By Lemma 21| and Corollary [27] it holds that:

1 & A2,
E<exp (A NZE{f(‘@TMé-n)|<%ﬂa<@n}*E(@,£)|%{f} *ﬁfmax

n=1

N )\2
:E{GXP <)\ (E{Jifz!f(yn7€n) ‘ %a ‘@[N]} _E(Wfﬂﬁ{f}) - ﬁ I%ax)} :

n=1
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Since the other terms are constant w.r.t. W, this is the same as:

1 & A2,
=E{exp [EqA N;f(%,fn)—%@w{f} — o7 foa

By Jensen’s inequality, this can be bounded by:

<E{E = 3 P E X H, P
< exp N;f( s &n) — B2 .6)1¢ 11} = 5y fmax ) s PINY (¢

Since we take the (total) expectation on the outside, this is the same as:

N 2
=E {E {exp (A Gf > H P bn) —Ew)w{f}) - 2% i) ) %}} :

Since fmax is a constant, and by the properties of the exponential function, this can be
written as:

—E {exp (g o B {ﬁexp (% ¢(Pu) =B 1) | ﬁf}} .

By Lemma |21] and Fubini’s theorem, this is the same as:

“E {exp (o o) ﬁ[lE {exr (§ (12060 - B 1)) | %”}}
=E {eXP (_Q)i;[friax> ﬁ[lE(%,gn)w {GXP (j\\, (f —E(p e {f})> }} :

Since the parameters are i.i.d., this is the same as:

A2 N A
=E {exp (—QNféax> [T Ew.e) {eXP (N (f = B {f})> }} :
n=1

By Hoeffding’s lemma, this can be bounded by:

A2 N A2
<E {exp <_2]Vf§1ax> H exp <8]\]2(2fmax)2) } <1.
n=1

This concludes the proof. |
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Appendix E. Proof of Lemma

Proof That ® is one-to-one can be observed by just plugging in the formula for ®, !, which
then also shows (iii). The first derivative of ®, is given by:

0 _ 1 1—exp(—a)
") = T — ool

The only way that this term could be negative is given when 1 —exp(—a) is negative. In this
case, the whole second term has to be negative, as the denominator is positive. However,
since 1 — exp(—a) can only be negative, when a is, this shows that ‘I> o(p) is positive.
Thus, &, is increasing. Similarly, the second derivative of ®, is given by

iZ 1 1 —exp(—a) 2
o) =5 (1 - exp(—a)]p> |

This term is strictly negative/positive, when a is, and therefore shows (ii). |

Appendix F. Proof of Corollary

Proof By Lemma [39 and Lemma for every A € R we have the equality:

E {exp (])\\7 i\]: 1A (P, 5n)> } =K {exp (—)\@% (P2 e).¢ {A}))} d
n=1

The directly yields the first statement. Further, one gets from Fubini’s theorem:

Ean {E%” {eXP <)‘ [‘I’* (P07 {A}) — ZP(J )P {A}]> }}

E{GXD( [ (P2 e).0 {A}) — ZP P )|, P, {A}]>}

= {eXP< [ (P(2.).z {A}) —*ZE{HA f@nagn)|%’@}]>}

n=1

By Lemma [27] this is the same as:

e i)
ARAN A
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By Jensen’s inequality, this can be bounded by:

N
SE{E{GXp()\[(I)RT(P(@g,f{A} NZ f@n,fn]> ‘%,e@[]\[]}}
N
:E{exp<A[@§(P(}£|Jf{A} —*Z @mfn])}zl-

Appendix G. Proof of Theorem
Proof Abbreviate p := P(p¢)» {A} and p = %25:1 P, e 2,2, {A}. Then, by
Corollay [41] it holds that:

Eo {Eor {exp (A @2 () - 0(2)] ) }} < 1.

2
N

Therefore, by the Donsker-Varadhan variational formulation, we have:

1> E@[N] {exp ( sup | Ap [ti% op—ﬁ] — Dki(p || ng))}

PEP (P

= Egy, {exp ( sup A (p[@s op] = p18]) — Drcto | M) } .

PEP(P s

Since A > 0, ® is convex by Lemma Thus, applying Jensen’s inequality yields:

> Egpy, {exp| sup ( A (plpl) —p [ﬁ]) — Dku(p || P%ﬂ)) }
PEP(P ) N
Then, Markov’s inequality yields:
R 1
P sup (@ (plp) = pl5]) — Dinlp || Br) 2 1og (2 ) p <,
PEP(P ) N €

from which the conclusion follows. [ |
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Appendix H. Architecture for the Experiment on Quadratic Functions
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Figure 10: Update step of A for quadratic problems: The directions dgt), dgt) and dgt) ® dgt)
are inserted as different channels into the Conv2d-block, which performs 1 x 1
“convolutions”, that is, the algorithm acts coordinate-wise on the input. The

scales ngt), e ny) get transformed separately by the fully-connected block.

Conv2d(10,10,1,bias
Conv2d(10,10,1,bias

t t
& o gl

Conv2d(10,10,1,bias=F) ‘
Conv2d(10,10,1,bias=F)
Conv2d(10,1,1,bias=F)

ReLU
ReLU
ReLU

Here, the step-size 8®) is computed by a fully-connected block (without bias) and ReLU
activation functions based on the the inputs ngt) = log(1 + ||[VL(ED, 0)])), ngt) = log(1 +
|2®) — 2t=D))), nét) = log(1+£(¢®,6)) and nit) = log(14£(¢%=1,6)). On the other hand,
the direction d*) is computed by a 1 x I-convolutional block, where the input-channels

. . . (®)
are given by the normalized gradient d; := %,

and their pointwise product di ® d2, and we use 10 channels in each

the normalized momentum term

dy i 2=z
27 =D

hidden layer.
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Appendix I. Architecture for the Image Processing Experiment
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Figure 11: Algorithmic update for the image processing problem: Based on the given eleven
features, the first block computes four weights si,...,84, which are used to
perform a weighting of the different directions d() ...,dit), which are used in
the second block. This second block consists of a 1xl-convolutional blocks,

(®)

out,1*

2D = o 4 PO G0, | 190(20), 0) + 2 — 2] )

which computes two update direction dgu)tl and d Then, we update

out,2*

The update of the learned algorithm reads:

t
S0+ = 20 | |V (! )’H)Hd(t)

1
L out,1 — EVE(x(t),Q) + Hx(t) t % Hdout2

Here, the directions dngt ; and dngt o are predicted by a 1x1 convolutional block with ReLU-

activation functions. These are predicted based on the reweighted directions dgt), ...,dz(f),
which are given as the normalized gradient, the normalized momentum, the normalized
gradient of the data-fidelity term, and the normalized gradient of the regularization term.
Here, the weights s1, ..., s4 for the reweighting are predicted by a fully—connected block with
ReLU-activation functlons based on the features ng ) = = log(14||VL(ED, 0)|]), ny’ = log(1+
|2®) —zED ), ALD = 0(z®, ) —0(zD), ), Ar®) .= r(z® 0)—r(x (t U,@),wheremsthe
regularization term, Ah(t) = h(z®,0)—h(z*V, 6), where h is the data-fidelity term, g(*) :=
max;—1,_n |VA(ED, 0)];, the scalarproducts s(t) ...,sff) between the (normalized) gradient
and the (normahzed) momentum, between the (normalized) gradient of the regularization
term and the (normalized) momentum, between the (normalized) gradient of the data-
fidelity term and the (normalized) momentum, between the (normalized) gradient of the
regularization term and the (normalized) gradient of the data-fidelity term, and, finally, the
regularization parameter \.
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Appendix J. Architecture for the LASSO Experiment
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Figure 12: Algorithmic update for the LASSO problem: Based on the given twelve features,
the first block computes eight weights, which are used to perform a weighting of
the different directions, which are used in the second block. This second block
then predicts two directions dout,1, dout,2, Where doys,1 only acts on the non-
zero entries, and doys,2 acts on the zero entries. These are used in the update

2D = proxg, (20 + (a1 5 = VEO) + 20 — 20V ), ) /1),

Since in the LASSO problem the algorithm has to identify the support of the solution,
that is, the coordinates which are non-zero, we also treat the zero and non-zero entries of

(®)

z® (and derived quantities) separately. Here, we denote the non-zero entries by xy’ and
the zero entries by w(()t), and similarly for all other quantities. First, we compute weights
S1,..., 88 with a fully—connected block with ReLU activation functions. The used features are

ni = = Log(L+[VAE®, 6)]). ny” = log(L+ 2 —al* 1)) ny) = log(1+[[p®)), where p(®) =
proxﬁg( BVK(:n(t),O)), MU = L(z®,0) — ¢(z1),0), Ag®) = g(z®) — g(z(=D),
ALY = h(z® ) — h(z(*~1),0), the scalar products s(>t) and sét) between the (normalized)
gradient and (normalized) momentum, and the regularization parameter A. Then, these
weights are used to perform a reweighting of the given directions dgt), ey dflt), given by the
normalized gradient, the normalized momentum, the normalized residual z(*) — p®  and the
coordinate-wise product between (normalized) gradient and (normalized) momentum. Af-
terwards, these reweighted directions get fed into a 1x1-convolutional block, which predicts
the two directions d((flzt’l and dgjm, which are used to compute the final update with the
proximal mapping, given by

2D .= = proxg, (x(t) + <d((fu)t’1,> - V€($(t)) + ||$(t) - m(t_l)H : dz()tzztg,o) /L) :
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Appendix K. Architecture for Training the Neural Network
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Figure 13: Algorithmic update for training the neural network: Based on the given six fea-
tures, the first block computes four weights s1, ..., s4, which are used to perform
a weighting of the different directions g ® dgt), dgt), dét), m@ dgt), which are used
in the second block. This second block consists of a 1x1-convolutional blocks,

which compute an update direction dgtu)t. Then, we update z(+1) = z(®) 4 dg;)t.

To compute the weights sq, ..., s4 with the first block, we use the features n;® = log(1 +
IVEED,0)]), no™ = log(1 + |+ — 20=), ALD = (2, 0) — £(2(=D, 0), g¥) =
max;—1,.n |V€(a:(t), 0);|, the scalar product s between the (normalized) gradient and the

(normalized) momentum, and the iteration counter t. Then, these weights are used to

perform a weighting of the directions dgt), dét) N/RO) dgt) and m ® dg), where g and m are

(t)

additional learned vectors of size n, which we use as diagonal preconditioning. Here, d}"’ is

the normalized gradient and dg) is the normalized momentum term. These directions get

(t)

out

fed into a 1 x 1-convolutional block, which predicts the direction d; /, that is used to update

the iterate as z(t+D) = 2(® + )

o1
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Appendix L. Architecture for Stochastic Empirical Risk Minimization
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Figure 14: Algorithmic update for stochastic empirical risk minimization: Based on the
given four features, the first block computes four weights s1, ..., s4, where s1, ..., S3
are used to perform a weighting of the different directions dgt), dgt), and dgt) ®

dgt), which get fed into the second block, and s4 is used afterwards as a step-
size. The second block consists of a 1x1-convolutional layers, that is, they act
coordinate-wise, and computes two vectors pgt), pgt), which are used as diagonal

“preconditioners” for the update of Adam.

First, we compute the same features as Adam, that is, m(t)A: BrmD 4+ (1— ) Ve(zD, ),
v = Bov1) 4 (1 = Bo)VL(z®, 0) © VE(z1), 0), where VI(2("),0) denotes the stochastic
gradient. Then, as for Adam, we set m() = {”_—(;t and o) = 1”_(2“

1 2

) )

o® into the corresponding (logarithmically transformed) norms ny’, ny’ and unit-vectors
dgt), and dét), respectively. The norms, together with the current (stochastic) loss and the
iteration counter t, get fed into a fully-connected block to compute four weights s, ..., 4.
Then, s4 is used as a step-size in the final update, while s1,...,s3 get used to weigh the
vectors dgt), dg), and dgt) @dg) before they get fed into the 1 x 1-convolutional block, which
outputs vectors p; and po. These, in turn, are used as a kind of diagonal preconditioner for
the update of Adam, that is, the final output is given by the formula z(®) = £t~ — (s4 -
k- dy © m®)/(0.001 - |do| © Vo® + ¢). Here, the constant 0.001 is just there to stabilize
training in the beginning, and for the other constants we use the default values in PyTorch,
that is, we set k = 0.001, 81 = 0.9, B2 = 0.999, and e = 1 - 1075.

and split m®) and
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